MINIMA OF FUNCTIONS OF LINES* 
ELIZABETH LeSTOURGEON 


A function of a line or functional F | (2) ] is a function having as its argu- 


ment an are defined over an interval a= 2=b. It may be regarded as a 
generalization of a function F(\,, -+-,A,) of a finite number of variables 
Ai (4 = 1, +--+, ), the index ¢ with the range 1, 2, ---, m being replaced by 
the variable x with the interval a = x = b as its range. It is the purpose of 
this paper to consider some properties of a functional of this kind which has a 
minimum value at a particular are Xo (a2). As in the case of a function F (A; ), 
(i =1,---,n), this involves the notion of derivatives or differentials of 
the first and higher orders. 

Fréchet has defined firstt and secondt differentials for a function of a line 
F(X) in terms of which the difference F (Xo + 1) — F (Ao) may be expressed, 
when Ao (2) + 7(2) is a variation of Ao(2). The firs. differential is a so- 
called linear functional L(y), and the second is expressible in the form 
B(n, 7), where B(u, v) is a bilinear functional in the independent arguments 
u(x), vo(a). Riesz has shown§ that a linear functional can always be 
represented as a Stieltjes integral 


L(n) = [ n(x)du(x), 


v/a 


and Fréchet has deduced an analogous formula for B(7, 7), 


=, n(x)n(y dey r(x, 9), 


in terms of a double integral which is a generalization for two dimensions of 
the simple Stieltjes form. 


* Presented to the Society, October 30, 1920. 

t M. Fréchet, Sur la notion de différenticlle d'une fonction de ligne, these Transactions, 
vol. 15 (1914), p. 139. This article will be referred to as I'réchet I. 

tM. Fréchet, Sur les fonctions bilinéaires, these Transactions, vol. 16 (1915), 
p. 232. This article will be referred to as Fréchet IL. 
§ IF. Riesz, Sur les opérations fonctionelles linéaires, Comptes Rendus, 149, p. 974- 
977; Démonstration nouvelle d’un théoreme concernant les opérations fonctionelles linéaires, 


Annales scientifiques de l’école normale supérieure, vol. 31 
(1914). ‘The first article will be referred to as Riesz 1; the second, as Riesz II. 
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The definitions of Fréchet apply only to functionals and differentials having 
continuity of order zero, which means in the case of F(X) that the difference 
F (Xo + n) — F (Xo) approaches zero with the maximum of |n(2a)| on the 
interval ab. The continuity of F (\) is, on the other hand, of order one when 
the difference approaches zero only if the maxima of |y(a)| and |n’(2)| 
do so simultaneously. The integrals of the calculus of variations have con- 
tinuity of this latter type, and it was desired to have a theory which should 
apply to them as a special case. It is shown therefore in the following pages 
that differentials L(y) and B(», 7) with continuity of order one are ex- 
pressible in the forms 


*b 
L(n) | n(a)du(ar) + (x) 


a 


B(n, 7) n(x) +2 | | n(x)’ (y)dryq(2,y) 


v/a e/a e/a va 


+ n(x) (y)dryr (x,y). 


e/a e/a 


If the functional F(X) has a minimum at Xp then it is proved that u and u, 
must satisfy an equation of the form 


u(r) — | u(x)dx = kr +1, 
where & and / are constants. Furthermore, under restrictions which are 
explained in $$ 4 and 5, a necessary condition for a minimum analogous to 
the Jacobi condition of the calculus of variations is deduced. It is proved 
that when F' (Xo) is a minimum the equation 


»/ 


tu’ (y)dyr(xr,y)] 


e/a 


a 


| [u(y)d,p(a,y) (y)d,q(a,y)|dx =kr +l 


can have no solution u(a2), except u(2) = 0, vanishing at =a and a 
point x = 2’ between a and b. 

These results are deduced in $$ 2 and 5. In $$ 1, 3, and 4 the necessary 
definitions of differentials are given and their properties discussed. The 
interpretation of the results of the paper for the integrals of the calculus of 
variations is given in § 6. 


1. LINEAR FUNCTIONALS AND FIRST DIFFERENTIALS 
If % = [X] be a class of ares in the plane representable in the form 


y =X(z), 


358 
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then we mean by the functional operation F (\) a real, single-valued function 
of the curve \ such that to every \ in the class ¥ there corresponds a real 
number F(A). 

If Xo is of class C° ,* then by the neighborhood (X »); of order n is meant 
the totality of ares \ of class C satisfying the inequalities: 

A(x) <8, [AM (2) —AM(z)| 
Consider now a class ¥ containing all ares in a neighborhood (Xo); of an are Ag 
of class C™. A functional F (\) is said to have continuity of order n at Xo 
if for every ¢€ there exists a 6 such that the inequality 

F(A) FQ0)| 

holds whenever is in (Ao 

A functional L (\) is said to be linear in a class ¥ if for some constant A 
it has the following properties: 
(1) + d2) = (i + 
(2) |\L(A)| SA-M(A), 
whenever A;, Ax and A; + ¢2 Ae, with constants, are in &, and where 
M (\) denotes the maximum value of |\|. In the class {o of ares \ continuous 
on a = x = ba functional L(\) which has the property (1) and is continuous 
with order zero will also have the property (2).{ F. Riesz§ has shown that 
such a functional is always in the form 


L(A) = [ 


where u(.) is of limited variation on the interval ab, and the integral is 
taken in the sense of Stieltjes. 

TuHeoreM 1. Let %, be the totality of ares X which are of class C’ on the 
interval a= x=b. If L(A) has the linear property (1) and is continuous 


with order 1 in &, it is always expressible, indeed in an infinity of ways, in the 
form 


b b 
(1) = f + ff N’ (a) du, (x), 


where u(a), us (a) are functions of limited variation on a = x = b.|| 


* AnarcdA (2) is of class C™ ona=2=b, if \(x), (x2). +++. A™ (2) exist and are 
continuous on this interval; it is of class D™ if \ (2) is continuous and consists of a finite 
number of ares of class C‘, Cf. Bolza, Lectures on the Calculus of Variations, p.7. The are 
will be said to be of class D if it is bounded and has a finite number of discontinuities of the 
first kind. 

t Riesz II, p. 10. 

F. Riesz I, p. 974. 

§ Ibid., pp. 974-977. See also Riesz IT, p. 10. 

|| C. A. Fischer, Note on the order of continuity of functions of lines, Bulletin of the 
American Mathematical Society, vol. 23 (1916-7), pp. 88-90. 
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For, from the hypothesis that X is of class C’, we may write 
A(z) = [ +r(a). 
By the property (1) of a linear functional, 
L(A) = L( N’ (x) dx) + L(x(a) ). 


The first term on the right of the equality is linear and has continuity of order 
zero in the class of all functions \’(2) which are continuous. Hence with 
the help of the theorem of Riesz, 


where u (2) is defined by the conditions, 
u(a) =0, u(x) = L(1) for a<2zs5. 


The infinity of ways is evident from the fact that w(2) and u;(a2) may be 
altered by a constant; but there are even more representations as will be 
indicated at the end of § 2. 

Fréchet* has given a definition of a differential of a functional F () defined 
on the class %» of functions \(2) continuous ona =2=b. According to 
this definition a functional F (\) has a differential at Xo if there exists a linear 
functional L (AX) such that for every are Ay + AX in Yo 


F (Xo + AX) F (Xo) L (Ad) + (Ad) M (Ad), 


where M is the maximum of |AX\) on a = S and €( Ad) is a func- 
tional which approaches zero with M(AA). It is an immediate consequence 
of Fréchet’s definition that F (A) has continuity of order zero at Xo, a property 
which is not possessed by the functionals occurring in the calculus of varia- 
tions. The following definition is however applicable at least to the func- 
tionals defined by the integrals of the calculus of variations containing only 
first derivatives. 

DEFINITION 1. Let Xo be an are of class C’ on a S x = b and F(A) a fune- 
tional defined at least in a neighborhood (Xo)s. Then F(X) is said to have a 
differential at Xo if there exists a linear functional L(A) with continuity of 
order one, such that for all ares Xo + Ad in (Xo)s, 


(2) F (Xo + AX) — = L(AA) + € (AA) (AX). 


* Fréchet I, p. 139. 
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M, (Ad) is the maximum of the values of |AX| and ona =x =b, and 
€ (Ad) is a functional which vanishes with M, (Ad). 

The linear functional L (Ad) is always expressible in the form (1), according 
to Theorem 1. 


2. THE FIRST VARIATION OF F (\) 


It is proposed in this section to study the properties of the first variation, 
in other words the first differential, of a functional F (\) which has a minimum 
or maximum at a particular \y9. For this purpose we shall be concerned with 
(1) an are Xo of class C’ on the interval 2; = x = 22, joining the two fixed 
points (21, yi) and (a2, y2); (2) a functional F (\) defined in a neighborhood 
(Xo); of order one of A», which has a differential of the kind described in § 1 
at the arc Xo; (3) the totality ¥ of all ares of class C’ joining (21 y:) with (2x2 ye) 
and lying in (Xo)s. 

DEFINITION 2. The functional F(X) ts said to have a minimum at Xo in 
the class < if there exists a neighborhood of order one of Xo in which F (X) = F (Xo) 
for every arc d of &. 

Consider the special one-parameter family of ares 


y =A(x,a) =Xo(x) +an(a), 


for which n (2) is of class C’ on 2; = x S 22 and n(21) = n(2%2) = 0. These 
will all be in & for sufficiently small values of a, and the value of F(X) on 


any one of them is from formula (2) 


F(d\(2,a)) = F(Xo) + aL (n) + aM (n)€(an). 


Then will follow readily 
Lemma 1. If F (Xo) is a minimum according to the definition given above, then 


(3) L(n) -{ ndu + n’ du, 


must vanish for every function x) of class C’ on x, x2 such that 


n (21) = n (22) = (). 


We shall next determine a necessary and sufficient condition that the sum 
of two integrals of form (3) shall vanish as described. Since the value of a 
Stieltjes integral is unaltered if the function of limited variation is changed 
at a finite or denumerable infinity of points between x; and x2, and since the 
discontinuities of a function of limited variation are denumerable, we may 
take u(x), ui(2) to be regular* for x; < x < 22; that is, at every point 
between 2; and a2, 2u(2) = u(x+0)+u(a—0). 


* Fréchet I, p. 217. 
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According to a well-known property of a Stieltjes integral,* 
wre wre 
(4) | n(x)du(x) = n(az)u(ae) — n(ay)u(ay) — | u(x)dn(a), 

and since 7 (2) is of class C’ it follows readily from the definition of a Stieltjes 
integral that the last integral is also expressible as an ordinary Riemann 
integral 


(ere 


| 


Furthermore one may prove without difficulty the relation 


“1 | 


so that with the help of the values 7 (21) = (a2) = 0 the expression for 
L(m) from (3) may be written in the form 


(5) [n(a)du(x) + 9’ (xr) du (x)] = | da(x), 


where 


i(x) - u(a)dr. 


Let a, 81, a2, Be. be any four points of the interval 2; 22 such that 

%1 <a, < Bi < ae < Bo < Xo, Bi — a, = Bo — age. 
Let h be a positive number such that 
Define a continuous function 7’ (2) by the conditions 

n(x) =1 for 
n = -—1 for wa 


and the condition that »’ (2) is linear in the remaining parts of the interval 
x, 22. Then the function 


n(x) - n’ (a) dx 


is of class C’ and has n (a1) = n(a2) = 0. 


*T.-J. Stieltjes, Récherches sur les fractions continues, Annales de la Faculté 
des Sciences de Toulouse, vol. VIII (1894), J. 72. 
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The substitution of n’ (2) so defined in the expression (4) gives 


*Bith 
h. | (x —B, —h)da 


Bi 


(x —a,+h)di+t+ di — 


l 


+ h)da— | di +5 (x — Bo —h)da, 


a2 Be 

and this must vanish for every choice of a), 6, a2, B2, h satisfying the con- 
ditions described above if F(X) is to have a minimum at A». The trans- 
formation (4) applied to this expression gives, after some simplification, the 
necessary condition for a minimum 


1 *Bith ral 1 Both 1 
h | ti(a)dx — fi(x)dx = j ti(a)dx — j | ai(ax)dz. 
h Be e/ag—h 


Bi 
If we apply the mean value theorem to each of the above integrals and take 
the limit as h tends to zero we obtain 


(6) By + 0) ti (ay 0) = ti ( Bo +- 0) — ti ( ae 0), 


where a, 81, a2, Bz satisfy the restrictions described above. 

By the definition of &(2) its discontinuities are identical with those of 
u, (a) and are therefore denumerable. Select a; arbitrarily between 2,, and 
x2 and let az > a be a value at which 4 (2x) is continuous. If in the equation 
(6) we let 6; and 82 approach a; and ae respectively, it follows that 


+0) — — 0) = +0) — 0). 


The second member of this equality is zero by the hypothesis that @ (2) is 
continuous at a2. Hence 


ti (ay + 0) 0) =, 


and the same relation holds for u(x) whose discontinuities are coincident 
with those of @(a2). Since a; was an arbitrarily selected point between 
x, and a2, and since u; (2) was taken to be regular, it follows from the above 
that (2) and also are continuous everywhere between x; and x2, so that 
equation (6) may be written 


— = &(B.) — az). 


The function @(2), being continuous and of limited variation for 2, < x 
< 22 has a derivative everywhere except on a set of points of measure zero.* 
Let a be an arbitrarily selected point on 2; 22 and let a, > a; be a point 
where @ (x) has a well defined derivative. The differences 8; — a; and By — az 
being equal we may write 


* Vallée Poussin, Cours d’analyse infinitésimale, 3d edition, vol. I, p. 275. 
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ai(Bi) — ii (a) a(B2) — (a2) 
Bi — a Bo — a 


If we let By — a;, Bs — a2 in such a manner that — and — a; remain 
equal, the right member of (7) tends to a limit and the left member therefore 
approaches the same limit. Hence we have the result that @ (2) has a deriva- 
tive everywhere between 2; and 22 and that this derivative has a constant 


(7) 


value, 
A} 
i’ (z) =k, <2 < 2. 


We are now able to prove that @(2x), and therefore u; (2), is continuous 
also at the points x; and x.. To do this, consider the equation 


(@)da(z) 


Since @ (2x) is discontinuous at most at x; and 22 and is linear between these 
values, this equation may be written 
n’ (a1) + 0) — &(a1)) + [4 (a2) — — 0)) 
bf (x)dx = 0, 
or, since 7(21) = n(a2) =0, 


n (a1) +0) — + (22) [4 (22) — — 0)) = 0,7 


a result which must be true for every 7 (2) of class C’ vanishing at 2; and ze. 
Hence it follows that 


fi(a+0) =a(n), —0) = 


and that the same relation holds for u,(2). We have accordingly proved 
Lemma 2. Jf u(x), u(x) are of limited variation on the interval x; x2 
and regular for 1 < x < 22, and if the integral 


(8) (x)du(x) + (x) du (2)] 


vanishes for every n(x) of class C’ such that n( 21) = n(22) = 0, then a rela- 
tion of the form 
(9) a(z) =m(z) f u(x)dx =kr+l 
71 

must hold everywhere on the interval x; x2, k and | being constants. 

Conversely, if the last equation is true the integral (8) vanishes for all functions 
n(x) with the properties just described. 

The converse follows readily by substituting @(2) = kx + 1 in the for- 
mula (5). 
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It is interesting also to find the additional conditions on u(2) and u(x) 
which must hold if the expression (3) for the functional L(7) is to vanish 
for all functions 7 (2) of class C’ on the interval x; 72, whether or not the 
conditions »(21) = 7(a2) = 0 are satisfied. The necessary condition of 
the lemma just proved must be satisfied in this case also, and the relation 
analogous to (5) now is 


ere 


‘[n(x)du(2x) + du = + (2)da(z) 


= [n(z)u(2) (2)de= n(22)[u(a2) +k] —n(21)[u(a1) +k). 


1 
This last expression vanishes for every 7(2x) of class C’; hence we conclude 
that 
k= —u(a) = —u(mn), 
and it follows from the relation (9) that 
ui (a1) = u(a, +0) — u(a), 


(10) 
(ate) = — 0) — u(ae). 


By the preceding arguments we have therefore arrived at the following 
theorem: 

THEOREM 2. If F (Xo) be a maximum or minimum according to the condi- 
tions described in Definition 2, then the functions u(x) and u,(x) occurring in 
the first variation 


+ (x) du (x)] 


must satisfy the relation 


(2x) -f u(a)dx =kxr +l. 


If F (Xo) be a maximum or minimum with respect to the values of F () for all 
arcs whatsoever of class C’ on x; = x S 22 lying in a neighborhood (Xo)’, then 
the additional conditions 


(a1) = +0) — 


u; = u(ae — 0) — u(ae) 
must be satisfied. 
In relations (9) and (10) we have the conditions that integral (8) shall vanish 
for all n’s of class C’ on 2; 22. Consequently, if we have two representations 
of the same linear functional, 


+ du) and [Unde + of 
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then u — v and uw, — 2 must satisfy the conditions that 


—v) +7'd(m—)] 
shall vanish for all n’s of class C’ on x; x2. 


3. BILINEAR FUNCTIONALS AND SECOND DIFFERENTIALS 


For the purpose of discussing further the conditions which characterize a 
minimum of the functional F(X) we next introduce the notion of a second 
differential. The basis of the investigation is found in the paper of Fréchet 
on bilinear functionals.* 

If \(2), u(y) are two continuous functions defined on the two intervals 
as y =d, then according to Fréchet, B(A, pu) is a bilinear 
functional of \, yu if it is a linear functional of \ for a fixed u and a linear func- 
tional of w for a fixed X. The bilinear functional B(A, wu) so defined has 
continuity of order zero simultaneously in \, uw and it has also the property 
that there is a constant P such that 


w)| S PM(A)M 


336, 


By use of the theorem of Riesz on linear functionals Fréchet derives a 
representation of a bilinear functional by means of two iterated Stieltjes 
integrals. He then shows that each of these iterated integrals is equal to a 
double integral of the form 


= ff (2,9) 


= lim u(y; ) As p(2,y), 


6—>0 i=1 j=1 


where the values x; (i = 1, ---, m) are the division points of a partition of 
the interval a = x = b of norm 6, the y; (j = 1, ---, nm) are division points 
for a similar partition of e = y =d, and where A;; p(2, y) is the second 
difference 

Aijp(z,y) = p(tiys) — p( tin, ys) — ai, + 


The function p(2, y) is of limited variation with respect to the set (2, y) 
and with respect to x and y separately, the total variation with respect to 
the set (x, y) being defined as the upper bound of the expression 


Leg 


where ¢€;, €; are of arbitrary signs but in absolute value equal to unity. 
* Fréchet IT, pp. 215-234. 
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THEOREM 3. If X, uw are of class C’ on the intervals ab, cd and if B(X,m) is 
linear and continuous with order one in each variable when the other is fixed, then 
ts expressible in the form 


where the functions p, q' , q’’, r are of limited variation with respect to x , y together 
and with respect to each separately. 
By hypothesis \ and y are expressible in the form 


Then by the properties of B(A, uw), 


B(f eae, + B( (z)dz, ) 


+B(a(a), (y)dy) + BOCA), 


Since the first functional in the right member of the equality is linear and 
has continuity of order zero in X’, yw’, the second in X’, pw, the third in X, yp’, 
the fourth in \, uw, we have by help of the Fréchet theorem the desired form 
for B(A, 

A definition of a second differential will now be given which is somewhat 
different from that of Fréchet.* Consider an are \9(2) which is of class C’ 
on the interval 2; = x = 22, and let F (\) be a functional which is well defined 
for all ares X of class C’ on 2; x2 and lying in a neighborhood (Xo); of order 
one of Xo. 

DeFINITION 3. The functional F (Xd) will be said to have a second differential 
at Xo if there exist a linear functional L() and a bilinear functional B(d, uw) 
having continuity of order one for all arcs d, uw of class C’ on 2 x2 such that 


F (Xo + 7) = F(do) + + B(n, n) + M?(n)€(n) 


for every arc Xo + 7 of class C’ in a neighborhood of order one of Xo. The symbol 
M (n) represents the maximum of |\n|, |n’| on the interval x; 2, and €() is a 
functional which vanishes with M (n). 

If we consider in particular a family of ares of the form 


= ho(x) + an(2) 
* Fréchet II, p. 232. 
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where (2x) is of class C’ on the interval 2; 22 and n(x) = n(a2) = 0, then 
F + an) — = aL (n) + B(n, + M?(n)e€(n), 


and the following lemma can readily be proved. 
Lemma 3. If F (Xo) is @ minimum in the sense described in Definition 2, 
then the conditions 


L(n) =0, B(n,n) =O 


must hold for every function 1 (x) of class C’ on the interval x; x2 havin 
n { 


n(ai) = = 0. 


4. THEOREMS CONCERNING INTEGRALS OF STIELTJES AND FRECHET 


The theorems of the preceding sections on linear and bilinear functionals 
presuppose that the ares considered are continuous. In the study of the 
second variation which follows it has been found convenient to introduce 
ares which have a finite number of discontinuities of the first kind on the 
interval x; 2 and to consider linear and bilinear functionals defined for such 
ares and expressible as integrals of Stieltjes or of Fréchet. For this purpose 
it will be necessary to show the existence of the integrals under the new hypo- 
thesis and to prove the validity of certain relations, some of which have 
already been proved for the original definitions of the integrals. 

THEOREM 4. If a(x) is continuous and of limited variation on the interval 
ab, and f (x) is of class D, then the integral 


ah 
exists. 
This is a special case of a theorem of G. A. Bliss.* 
TuHeoreM 5. If a(x) is continuous and of limited variation on ab and f (x) 
is of class D, then the integral 


f(x) df(2) 


* A necessary and sufficient condition for the existence of a Stieltjes integral, Proceedings 
ofthe National Academy of Sciences, vol. 3, pp. 633-637, November, 1917. 

W. H. Young states and proves this theorem for a monotonic function @ (z ) in his paper 
On integration with respect to a function of bounded variation, Proceedings of the 
London Mathematical Society, ser. 2, vol. 13 (1914), p. 133. Young states 
but does not prove the theorem for a double integral for an arbitrary function of 2 variables 
of limited variation in the paper, On multiple integration by parts and a second theorem of the 
mean, ibid., vol. 16 (1917). 


exists, and the relation 
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ff + = f(b)a(b) f(a)a(a) 


holds.* 
TueorEeM 6. If f(a) is of class D’ on ab, and 


A(z) = fala) dz + A(a), 


where a(2) is of limited variation on the same interval, then 
By definition, 
(2) = him DY (ae) 


If the discontinuities of f’ (2) are among the division points of the interval ab, 
and the points & are properly chosen, the right member of the above equation 
may be written in the form, 


A ( ) —A ( 


Le — 


lim [f (ax) —f (rer) ] 


where a, is a value between the maximum and minimum of a(2) on the 
interval 2,1; 2%. It is easily shown that the expressions 


a [f (ae) —f (ater) ], da [f (a) 


in which a(&) is the value of a(a) at an arbitrary point in the interval 
X,-1 2%, and a, a number which lies between the maximum and minimum 
of a(2) on the interval, both approach the same limit, so that 


From this last equality and the relation of Theorem 5 follows the desired 
relation of the theorem. 

Consider a function p(2, y) which is 
(1) continuous on the square S:a asy=b; 


(2) expressible in the form 


* For a proof of this theorem see G. A. Bliss, Jntegrals of Lebesgue, Bulletin of the 
American Mathematical Society, 2d series, vol. 24, No. 1, pp. 1-47; H. 
E. Bray, Elementary properties of the Stieltjes integral, Annals of Mathematics, 
vol. 20 (1919), p. 185. 
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p(w,y) = pi(x,y)dx + pla, y) = pe(x,y)dy + p(x, a), 
where pi (2,y) and po(w2,y) are both of limited variation in y uniformly 
with respect to 2, and in x uniformly with resepct to y. 

The function ps (., y), for example, is of limited variation in x uniformly 
with respect to y when there is a constant Vs such that the total variation 
of ps (.v, y) with respect to x on the interval ab is less than V’ for every y on ab .* 

Consider a subdivision of S into rectangles by abscissas x; (¢ = 0,1, +--+, m) 
with xo = 4,2 = b, and ordinates y; (j = 0,1,---,n) with yo =a,yn = 
and let Aj; p(w, y) represent as before the second difference 

Ai = plays) — — yj) + p(ti-n, 

Lemma 4. The function p is of limited variation in the sense that the sums 
Dn, LAs p| have a common upper bound P for all subdivisions of S of 
the type described above. 

If the lemma is true the function p is evidently of limited variation in the 
weaker sense of Fréchet also. 


To prove the lemma write 


= | (ain y) — y) |dy = V(b - a). 


Turorem 7. Jf dX(x2), u(x) are of class D ona = x = b the integral 


(11) | dey 9) 
is well defined in the sense of Frechet. 
Consider a sum 


o = (nj) Ais P, 


where £; and n; are arbitrarily chosen values in the intervals x; 2; and yj—1 y; 
respectively. The sum of the terms of ¢ belonging to a single row of rectangles 
has absolute value less than 


> “| pe (ai, y) — y)|dy = MV (y; 


where M is the maximum of the values of |A(.2)| and |u(a)| on ab, and the 
sum of the terms of several rows is therefore in absolute value = M? lw, 
where w is the sum of the width of the rows. The same property is true for 
columns. 


*H. Bray, loc. cit., p. 180. 


"j—t 
ij 
i 1 
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Let r and s be the number of discontinuities of \(2) and u(y) on ab re- 
spectively. Then the discontinuities of the product \ (2) u(y) occur on r lines 
parallel to the y-axis and on s lines parallel to the z-axis. If the intervals 
xi-1 2; and y;-; y; all have lengths = 26, the sum of the terms of o corre- 
sponding to rectangles containing points of these lines of discontinuity will 
have absolute value not exceeding (r+ .s) .M°V26. Furthermore, since 
A(a2) and w(y) are of class D on ab, the norm 6 can be chosen so small that 
the oscillation of the product \(2)u(y) in the rectangles containing none 
of its discontinuities will be less than e. 

Consider now a sum o’ formed by subdividing the intervals x;; 7; and 
yj-1 yj Which were used to forma. Then 


la—o'| =eP+4(r+s)M V5. 


For the first term on the right exceeds the absolute value of the difference of 
the parts of o and o’ belonging to rectangles containing no discontinuities 
of X(a)u(y); and one half the second term exceeds the absolute value of 
the sum of the remaining terms of either ¢ or a’. 

If two sums o and o” of norm 6 are given, a third sum o’ can be formed by 
using all of their division points, and its rectangles will be subdivisions of 
those of o’’ as well as those of ¢. From the preceding paragraph it follows 
that the difference 


la lc + |o’ —o” | 


can be made less than e’ by taking the norm 6 sufficiently small. It follows 
readily then by the usual arguments that the limit of o as 6 approaches zero 
exists. 

TuroremM 8. If X(x) and w(x) are of class D on the interval ab the two 
integrals 


b b 


exist and are equal to the integral (11) of Theorem 7. 
Since p(a, y) is continuous and of limited variation in y, the integral 


$(2) f 2,9) 


* It is to be proved first that it is also a 


surely exists for every value of x. 
continuous function of x. For this purpose, let the discontinuities of u(y) 
on a = y = b be enclosed in a set of intervals a, 8 (k = 1, ---, 8) of total 

*See Bliss, A necessary and sufficient condition for the existence of a Stieltjes integral, Pro - 
ceedings of the National Academy of Sciences, vol. 3, pp. 633-637, 
November, 1917. 
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length less than e, and let By = a, ay: = b. Then 


Pa, Bx 


(13) =D u(y)dyp(x,y). 
k 


Baa 1 ay 
Each term of the first sum is a continuous function of x according to a theorem 
of Bray,* and the second sum has an absolute value less than M Ne, where N 
is the maximum of |p.(2,y)| in S. For we have the relations 
| 


yj) — p(t, = pe(a,y)dy\= N(yj — yr), 


and hence 


| u(y )dy p(x, y) |= MN —a) < MNe. 
k Ja, k=! 


The continuity of @(.2) follows readily from the properties of the sums in 
the expression (13). 

The function ¢(.r) is also of limited variation, so that by the theorem of 
Bliss cited above the integrals (12) exist. 

It remains to show that the integrals (12) are equal to (11). For a suf- 
ficiently fine x-partition, 


| 

(14) | A(x)dd(x) - ACE) O(a) — (4-1) < ¢€/2. 
|e/a t 

But 

(15) @(xi-1)) - | u(y)dp(y) 0, 


tial 


where 


p= DAE) — y)) 
‘ i 


is continuous and of limited variation. The integral in (15) exists and for a 
sufficiently fine y-partition 


(16) | u(y)de(y) — le (ys) — < €/2. 


By adding (14), (15), (16), and writing p out in full, we have 


| > ACE) Ai p(x, y) 


| e/a 
which proves the theorem. 

Tueorem 9. If p(x, y) ts of limited variation in y uniformly with respect 
to x and n(y) is continuous, then 


* Loe. cit., p. 180. 
t Fréchet II, p. 229. 
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| | n(y)d,p(x,y)dx - | 


a 


n(y)dy p(x,y)dx. 


If w represents the maximum oscillation of »(y) on the intervals Yi-1 js 
then 


| n(y)dyp(x,y) — ys) — p(x, 
/a j=! 


Consider the relation 


ob | 
if | n(y)d, p(x, y)dx — | (ple, yj) 1) 
w/a j=l 


p(x, y) 


(p(x, ys) — de: wV(b-—a) S €/2, 
j=1 
or, 
n(y)dyp(,y) Lacy) f Lp(a, yj) — p(x, yj-1) dx 
Ja w/a a 


It is true further that 


nay | p(x, y)dx 
Ju 


J 
Hence, 


| n(y)d,p(a,y)dx | n(y)dy | p(x, w)de|=e, 


and since these integrals are independent of €, we have the desired equality. 
THeoreM 10. If (2x) ts of class D’ on ab and p, q, r have the properties 
described for p, the integral 


(17) I(m) = + 2n(a)n' (y)deyg + (2) (y) 


is well defined and a function n; (2x) of class C’ can be chosen so that 
m(a)=n(a), =n(b), i2(m) —I(n)| <e, 


where € is an arbitrarily assigned positive quantity. 


*H. EK. Bray, loc. cit., p. 179. 


Trans. Am. Math. Soc. 25 
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Let the corners of the curve 7 (2) be rounded off to form a function 7; (x) 
in such a way that each interval in which 7 differs from 7 has length less 
than 26. Then the portions of S in which the products n(2)n(y) and 
m(a)m(y) differ consist of strips of width 26 parallel to the x-axis and to 
the y-axis. If the numbers of strips parallel to the two axes are r and s re- 
spectively, then the proof used in Theorem 7 shows that the integrals 


| n(x) n(y) n(x) m(y)deyp 


s 


differ by less than 4(r +s) M° V6. A similar argument applies to the 
second and third parts of (17), and since 6 is arbitrary the theorem is estab- 
lished. 

In the sequel we shall be interested in the solution wu of a linear functional 
equation of the form 


(18) L(u;x) =kr+l, 


where /, / are constants. The functional L(u; 2) is supposed to be single- 
valued when u(£), x are given, and linear in the argument u. We wish to 
study some properties of this equation when it has a unique solution for 
each k, 1. 

Tueorem 11. L(u; x) = kx +1 has a unique solution of class C’ 
for each i, 1, then the equation L(u; x) = 0 has only the solution u = 0, and 
there exist two linearly independent solutions u,, Uz of the original equation such 
that the determinant 

(ay; 2) (us; x) 
| L (1; 2) L (uz; x) | 
is different from zero. 

By hypothesis the equation (18) has a unique solution for each k, / and 
therefore a unique solution for k = 0,1 = 0. But from the properties of a 
linear functional it is clear that u = 0 satisfies the equation L (u; 2) = 0, and 
therefore this equation has only the solution u = 0. Let w be the unique 
solution of (18) for & = 1, 17 = 0; w the solution fork = 0,/=1. Then 


| je 


(0) | 0 
"| 


Conversely, we can prove 
TueoreM 12. Jf L(u; a2) = 0 has only the solution u = 0 and if uw, ue 
are two solutions of L(u; x) = kx + 1 such that the determinant 


(ay; 2) L’ 2) | 

2x) | 
is different from zero, then the equation L(u;x) = kx +1 has one and only 
one solution for each k, 1. 
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Let ky, l be the constants corresponding to the solution u,, and fn, lo the 
constants corresponding to the solution w. Then 


L’ x) ( Us; x) | hey 


| 
L(wm;2) L(w;2) | th 
Hence the equations 


=k, 
+ C2 ly = l 


can be solved uniquely for ¢,, ¢2, and u = ¢; uw + ¢2 Ue satisfies the equation 


(18). Moreover it is the only solution because of the hypothesis that 
L(u; x2) = 0 has only the solution u = 0. 


5. THE SECOND VARIATION OF F ()) 

The purpose of this section is to study the second variation of a functional 
F(X). To this end we shall be concerned with 

(1) An are Xo of class C’ on the interval x; = x = x2 joining the points 
(a1 y1) and (a2 ye). 

(2) A functional F (\) defined on all ares of class C’ in a neighborhood 
(Xo)s of order one, and having first and second differentials at Xo as in § 3, 
with p, q’, ¢”’, r having properties described for p in $4. The functions 
p and r may be taken symmetric without loss of generality. 

At the end of § 3 it was proved that if F (Ao) is a minimum then the second 
differential B(m, 7) must be positive or zero for every function 7 (2) of class 
C’ on the interval 2x; x2 such that (271) = = 0. 

We shall now consider the problem of minimizing the second variation. 
To this end we compute the first differential of B(7, 7). Written out in full, 


B(n, 7) = | y) 
(19) wn 


where 


If we give to 7, 7’ the increments ¢, ¢’ and compute the first differential 
of (19), we obtain 


do (2) + dex (x)], 
where 

(20) 

+9 (y)dy r(x, 


| ky, ke| 
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From the results of § 2 it follows that if a function n(2) of class D’ with 
n(21) = (a2) = 0 minimize the expression (19) for the second variation it 


must satisfy the equation 


L(n;x) - w(x)dx = ke +l, 2s. 


We make the following hypotheses on L(y; 2) which is defined for every 
of class D’ on a; x2: 
(1) It has a reciprocal L(y; x) such that for every 7 of class C’ on 2; 22 


LI\(n; x) = L (9; 2) = (2). 


(2) When 7 is of class C’ so is Ly (9; x). 
(3) There exists a constant A such that 


L(n;z)| = AM, \L’(n;z)| AM, 


where M is the maximum of || and |7’| on a 22. 
TueoreM 13. If L(;2) has the properties described above and if F (Xo) 
7 pro} 


is a minimum then no solution u(x) of class C’ of the equation 
(21) L(u;x) =ke+l 


can exist vanishing at x, and a point x, between x; and x2 but not identically zero 
between x; and x,, and having + 0. 

We shall first prove the 

Lemma 5. If u(x) is a solution of equation (21) with the properties described 
in the theorem, then for the function 


n(x) = u(x), 


the value of B(n, n) ts zero. 
By Theorem 8 of § 4 the second variation can be written in the form 


B(n,n) - n(x)de [n(y)dy +n’ (y)dyq(x,y)] 


+ f 2) +0 (2, 


Substitute for 7 (2) the function defined in the theorem. Then 


ry’ 


B(n, 7) - | + u’ (x) da;(2x)] 


1 
= (0), StS 
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The terms outside the integral sign vanish since u(2,) = u(2,) = 0. 
hypothesis u (2) satisfies the equation (21), and therefore 


uv (2)a| | == u’(x)dx =k- =0, 


which proves the lemma. 

Hence the function 7 (2) thus defined gives the second variation the value 
zero, and this is the smallest possible value for B (7, 7) if F(A) is a minimum 
at Xo, as has been proved. We can show, however, that in case there exists 
such a function 7(a2) making B(7, 7) vanish, then there will surely be 
others which make it negative. For this purpose write 


= ff dey + 20 (2) (y) dev 


(n,n) — hf 


with p* defined by the conditions, 
= p(x,y) for 


If we denote by L*(; 2) the result obtained by replacing in L(; 2) the 
function p(x, y) by p* (a, y) we have the relation 


L* (n; x) = L(y; 2) - af f n(y)dydz. 


Lemma 6. For sufficiently small values of h the equation 
(22 L*¥(u;x) +l 


has a solution u,(a2, h) of class C’ on 2, 22 corresponding tok =1,1=0, 
and a solution u2(x, h) of class C’ on x; x2 corresponding to k =0,1=1. 
"hese solutions are continuous in a domain = 2x = 2%, |h| = 6, and are 
Th lut t 1 s2= h| =6, and a 
linearly independent. 


According to hypothesis (1) the equation 
(23) L(u;x) = v(2), 
where wu, v are of class C’ on x; x2 has a unique solution u(x). If we apply 
the operation L, to the members of the equation 
(24) L* (u;z) = 0(2), 


we obtain 
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u(x,h) — ils ( u(y) dyde; x ) = = o(2), 
or, 


(25) u(x,h) =o(x) + 2), 
where I, has the properties (2) and (3) of L; and ¢(2) is of class C’. Re- 
peated applications of the last equation give the series 
(26) u(a,h) = + +l? 7) 

By property (2) each term of this series is of class C’. By (3) the terms of 
the series formed of the x-derivatives of (26) as well as the terms of the series 
itself are dominated by the terms of the series, 
M (1+ hA (aq — 21)? + A? (ae — $A" A" (He — +--+), 
whence it is seen that the two series are uniformly convergent for 2; = x 


h| = 6, when 6 is sufficiently small. 
The series (26) satisfies equation (25) and therefore (24) as we see by oper- 
ating on (26) with L.. To justify this last statement write (26) in the form 


u = 8, +7,, where s, is the sum of the first n terms. Then 
Lo(u) — Le(8n)| = |Le(ra)| Se’. 


Also (26) is the only solution. For if there were two solutions, their differ- 
ence ¥ (2x) would satisfy the equation 


(27) 


This equation can have no solution other than y = 0 for h = 6 when 6 is 
sufficiently small. For the functions h" L3(¢;2) in (26) tend to zero if 
(h| =6; but if ~(2x,h) satisfies (27) all these terms are identical with 
(2) = 0, and therefore = 0. 

These results together with Theorem 11 of § 4 prove the lemma. 

Lemma 7. If equation (21) has a solution u(x) as described in the theorem 


then for sufficiently small values of |h\ the equation (22) has a solution u(x, h) 
with similar properties. 

Let u(2) be the solution of (21) with constants k,/. Then by Theorems 
11 and 12 of § 4 it is expressible in the form ‘ 


u(x) = ku, (2,0) + (2,0). 


Since u(x) vanishes at 2; it may be that both w,(2,0) and w(21,0) are 
zero; in which case 


u(x,h) = ku (2, h) + lw h) 


is the desired solution. If uw, (21,0) and w2(2,;,0) are not both zero, then 
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= + he (xm, 0) = 0, 
or, 
k:l = — w(m,0):u, (21,0); 
and 


wue(z,h) 


u(x, h) Ui(%1,h) h) 


is the solution demanded. For, from the hypothesis that wu’ (2) is different 
from zero it follows that uw; (2; — 6) and uw; (2; + 6) will have opposite signs 
for a sufficiently small 6. The same will be true of u(a2; — 6,4) and 
u(x; + 6, h) for sufficiently small |h|. Hence u(x, h) for such values of h 
will surely vanish at least once between x2; — 6 and x; + 6. The value x, 
below can be selected as the first zero of u(a2, h) after x; — 6. 

To prove Theorem 13, choose h > 0, and 


n(x) = u(2,h) for 
= 0 for a Sez 


where 2; is a zero of u(x, h) between 2; and x2. Then 


"2 
B(n,n) = - af n(a)dx = — af <0, 
since B*(n, 7) = 0 for the 7 just chosen. Finally, if B(7, 7) <0 for an 
n of class D’ it will also be less than zero for an arc of class C’ as is seen by 
applying Theorem 10 of § 4 


6. APPLICATION TO THE CALCULUS OF VARIATIONS 
The purpose of this part of the paper is to interpret the foregoing results 
in the case of the functionals of the calculus of variations. 
For the simplest problem of the calculus of variations the functional F (\) 
has the form 


(28) F(X) = 


We have seen that the functions u(2) and uw; (2) occurring in the expression 
(3) of the first variation of F(X) are not uniquely determined by the F (A), 
since the integrals are unaltered if w(a2) and w,(2) are each increased or 
diminished by a constant; hence we are at liberty to assign to them an arbi- 
trary: value, say zero, at a particular point of the interval x;2.. We may 
then make u(x) and w,(2) vanish at x;. If for the functional F(\) in 
28) we define u(a) and u; (2) as follows: 


(29) u(x) = ‘fide, (2) = “fu de, 


an 
oi 
= 
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then the expression (3) for its first variation assumes the familiar form 


(fan + fxn’) de. 
We have derived as a first necessary condition for a minimum of F (\) the 
relation 
i! (x) =k, 
where 


i(x) - [ u(x)de. 


1 


lor the functions in (29) this condition is equivalent to the relation 


fv fide =k, 


which upon differentiation leads to the Euler equation 


Sa = 


Since the function u (2) defined in (29) is continuous the conditions (10) 
on u(x) and uw, (2), which were found to hold if the first variation vanishes 
for every n (2) of class C’ whether or not 7(21) = 7(a2) = 0, become the 
transversality conditions 


Sur (a1) = far (a2) = 0. 


Let us next consider the second variation B(, 7) of F(A) when F(A) 
is given by (28). Again, the functions p, q, r, occurring in B(7, 7) are not 
uniquely determined by F(X), for the value of the double integral (19) is 
unaltered by the addition of an arbitrary function of 2 alone or an arbitrary 
function of y alone. The functions may therefore be chosen identically zero 
for a particular value of x and a particular value of y. Define the function 
p(x, y) by the conditions 


y 
p(r,y) = Pdy for 
(30) 


= Pdy for 
e ry 


where P = f,,, and make similar definitions for q(2, y) and r(2, y) in terms 
of Q =f, and R = fy, respectively. The functions p, q, r so defined 
have all the properties assumed for p in § 4. 

If the functions defined above are substituted in the expression for B (7, 7) 
the double integral (19) is reduced to the single integral 


1920] MINIMA OF FUNCTIONS OF LINES 


f P + 2nn’ Q +7” R)de. 
The first member of the equation 


(21) = — = ke +1, 


where w, w; are defined by the relations (20), assumes for the p, qg, r in (30) 
the form 


wi (xr) — w(x)de ~ in(y)[Q(y) — (a — y) P(y) 
- nie — P(y)] 
— R'(y)}dy + n(x) R(x). 


Accordingly, the equation (21) reduces to a Volterra integral equation of the 
first kind and has therefore a unique solution for every v(2) of class C’, 
provided R(x) +0. The properties assumed for L(n; 2) in §5 are here 
justifiable. Equation (21) differentiated twice gives the Jacobi differential 
equation, 


d 
n(x) (Q(x) — (2) R(2)] = 0. 


7. THE CHARACTER OF THE OPERATION L (u; 2) 
The analog of the Jacobi condition of the calculus of variations which 
has been obtained as a second necessary condition for a minimum of F (\) is 
expressed in terms of a solution of the equation 


| u(y)dyq(y,2) +u'(y)d, r(x, y)] 


(21’) 
[u(y)dyp(r,y) (y)dyq(a,y) dx = kr +l. 


The first member of this equation is a linear functional L (u; 2) and with the 
help of the theorems of § 4 is expressible as a Stieltjes integral. Theorem 6 
and the conditions u(2,) = u(22) = 0 enable us to replace the two integrals 


[ow 


by the integrals 
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where r2(2, y) and q2(a, y) have the properties defined in §4. Now apply 
Theorem 9 and we see that equation (21’) reduces to the form 


de K(x,y) =ke +l, 


where 


K(r,y=q(y,7) [p(x,y) — g(x,y) 
If the only discontinuity of the function r.(.2, y) occurs on the diagonal 
of the square S and is there equal to R (2), the equation will have the form 


(31) u(y)d, Ki(a,y) — = ke +, 
where K,(.2, y) is continuous and of limited variation in each variable uni- 
formly with respect to the other. 

We can show that the integral in (31) represents a transformation which 
has the property of complete continuity.* A transformation is said to be 
completely continuous if it transforms a bounded sequence into a “ com- 
pact’ sequence, that is, into a sequence such that every subsequence of 
itself contains a further subsequence which is uniformly convergent. A neces- 
sary and sufficient condition that a bounded sequence {¢,} be compact is 
that for a positive ¢ there exists a 6 such that for |x — x’| < 6 and for all ¢, 
the inequality 
gn (a) — gn(a’)| <e 
holds.t 

Let {u,} be a bounded sequence of continuous functions such that |u,| < G. 
The integral 

o(x) = f u(y)dy Ki (2,9) 
rm 

is a continuous function of x.t The total variation with respect to y of the 
function {A,(2,y) — Ki (2’, y)} is the upper bound in the set of continuous 


functions u(y) of the expression$ 


Ki (2, y) Ki(2’,y)]| 


M(u) 


*F. Riesz, Ueber lineare Funl:tionalgleichungen, Acta Mathematica, vol. 41:1 
(1916), p. 73. 

+C. Arzela, Sulle funzioni di linee, Memorie d. R. Accad. d. Scienze di 
Bologna, ser. 5, vol. V (1895), S. 225-244. F. Riesz, loc. cit., p. 93. 

tH. E. Bray, loc. cit., p. 180. 

§ F. Riesz, Sur certains systemes singuliers d’équations intégrales, Annales scien- 
tifiques de l’école normale supérieure, vol. 28 (1911), p. 43; Fréchet II 


p. 217. 
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But on account of the continuity of ¢(.) this last expression may be made 


, 


less than e/G by taking |x — x’| <6. Hence the total variation with respect 
to y of {Ki (2, y) — Ki(2’, y)} is less than €/G for |x — x’| < 6. We have 


then the relation 
dn (2X) — gn(2’)| = | Un (y)dy[Ki(x,y) — Ki(a’,y)] <e. 
F. Riesz discusses in his article on linear functional equations referred to 
above the inversion of a transformation of the form E — A, where EF is the 
identical transformation and A is a completely continuous transformation. 
The results of his article are applicable to the equation (31) if R(x) + 0. 
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INVARIANTS OF INFINITE GROUPS IN THE PLANE® 
BY 
EUGENE FRANCIS SIMONDS 


In a previous paper published in these Transactions f the writer 
discussed the general question of the invariants of differential configurations 
in the plane under groups—finite and infinite—of point or contact trans- 
formations. The present paper deals with the application of the general 
results therein obtained to the various types of infinite groups of point and 
contact transformations. 


I. PoInT TRANSFORMATIONS 


The problem of the determination of the different types of such groups 
was solved by Lie.{ Adopting his results as a basis of classification we sub- 
divide infinite groups of point transformations into the following types: 

(A) The entire group of point transformations. 

(B) Those reducible by change of codrdinates to the group which multiplies 
areas by a constant. 

(C) Those reducible to the area-preserving group. 

(D) Those which leave invariant one—and only one—differential equation 
of the first order. 

(FE) Those which leave invariant two differential equations of the first order. 

The types (1) and (C) have already been dealt with from the point of view 
of their invariants. It was found that for type (4) the smallest number of 
curves—denoted by \,—having contact of zero order necessary for the exist- 
ence of an invariant of order n was 2n + 2, while for (C) it wasn +3. Ex- 
plicit expressions for such invariants were calculated as far as the third order. 

We now proceed to consider the remaining types. 

Type (B). This is the only class of infinite groups of point transformations 
defined exclusively by differential equations of the second order. Its simplest 
representative is the group 


| + Qery = 0; xy + Nyy = 0, 


which transforms areas in a constant ratio. 


* Presented to the Society, October 25, 1919. 

+ Vol. 19 (1918), pp. 223-250. 

t Ueber unendliche continuirliche Gruppen, Videnskabs-Selskabet Christi- 
ania, 1883. 
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The equivalent complete system of linear differential equations does not 
differ from that of the group (A) until it is extended to the third order. The 
additional equations corresponding to the third and higher orders are identical 
with those of the area-preserving group. Hence for the type (B) we have 
= 4; = 6; A, =n +3(n>2). 

It is a simple matter to obtain the first three invariants. The first two are 
identical with those of the group (A).* If we compare the complete system 
with that of the area-preserving group we find that the only difference is that 
the equation 
V = of + + = 0 
‘Oy; OY; OY; 


characteristic of the area-preserving group is oe the pair of equations 


of 


, Of 
= ay’ +2 2yi ay 3yi 


Since 1’ = U; + Us, it is clear that the group (B) differs only from the area- 
preserving group by the addition of the equation U; = 0. We have thus 
proved the 

THeorEM. The invariants of the group (B) are those invariants of the area- 
preserving group which are homogeneous and of degree zero. 

Of the three invariants of the area-preserving group J,, J;, Ag—given in 
our previous paper—I/, was homogeneous of degree zero; J; was homogeneous 
of degree — 4; and K, was homogeneous of degree — 1. It is clear, then, that 


Kg 


is a third-order invariant of the group (B). 
It is to be remarked that in the expression 


J5°( Ag Ke + Az Kz + As Ks) 
for the third-order invariant of the entire group (A)t each of the three terms 
J5* Ac Ke, Ay kz, Fa” dis Kg 
is a third-order invariant of the group (B). 
Type (D). The canonical form of the equation-system defining this type 
is the single equation £, = 0, and the finite equations of the group are 
(2), Y=y(z,y), 


o and v being arbitrary functions. 


* Page 230, 
7 Page 244. 
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The most important subgroup not of type (/) is 


_ vila) 


This was shown by the writer to be the largest group having the following 


y 


properties: 
1. For the existence of an infinite system of absolute invariants only a 


finite number of curves are required.* (In this case \, = 5, which is the 
highest value of \, independent of n for any group.) 


2. Though the base-points of the configuration may have only one coérdinate 


in common, invariants exist under the group. 

For type (D) we shall content ourselves with merely stating the following 
results, which are readily verified. 

TueoreM. For the most general group leaving invariant a differential equa- 
tion of the first order, = 3. Forn >1,y =n+38. 

If the invariant differential equation is 


y =f(2,y) 


the invariant of the first order is obviously the cross-ratio [ y; y2 y3f]. 

We have already found that in case all the arbitrary functions in the defining- 
equations of a group are functions of one variable, the value of \, for the group 
could at once be written down. There are then only three cases left under 
type (D), corresponding respectively to the values 
ax +b 
exr+d 
of (2x), the second function y (2, y) being completely arbitrary. 

For all of these cases d, takes the value n + 2 after a finite value of n. This 


is an illustration of the result which is true in general that the presence of a 


2, ax +b, 


finite number of arbitrary constants in the defining-equations of the group 
can only affect X, for a finite number of values of n. The subsequent values 
of X, depend only on the number of arbitrary functions. 

Type (£). This last type includes some important groups, the most note- 
worthy being the conformal. The equilong group may be regarded as a 
degenerate case. Certain results have been obtained for the conformal and 
equilong groups by Kasner,t and for the equilong by the writer.$ 

* Page 235. 

7 Page 236. 

t Conformal Geometry, Proceedings of the Fifth International Congress, Cambridge (1912) 
vol. 2, pp. 81-87; Conformal classification of analytic arcs or elements: Poincaré’s local problem 
of conformal geometry, these Transactions, vol. 16 (1915), pp. 333-349; Equilong 
invariants and convergence proofs, Bulletin of the American Mathematica 
Society, vol. 23 (1917), pp. 341-347. 

$ Loc. cit. pp. 244-246. 
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The general type of these groups is 
(1) N=¢(r), Y=y(y), 


@ and y being arbitrary functions. The conformal group can be reduced to 


the form (/) by the transformation 
x=ut+in, y=u-w. 


It is found that for the largest groups of type (E£)—that is, those involving two 
arbitrary functions—A,; = 2, = = 3forn >2. This is true of both 
the conformal and equilong groups. In the latter case the three curves of 
the configuration need not pass through the same point, though for the most 
general type it is necessary that they do so.* We shall obtain invariants of 
the group (/) as far as the fourth order.{ 

The equations (1) may be taken in the form 


A= fede, fev dy. 


We obtain in succession 


= yy +¢'y'), 
yy” — = [ — 
— )y" + + 30") 1, 
yw 4+ GY” = (y” yi) — + 
+ + (0 + 66") 


The presence of the exponential factors on the right means that all the invari- 
ants are homogeneous and isobaric. This is also evident from the considera- 
tion that the groups Y = x, Y = ay; X = ax, Y = y are subgroups of (J). 
The first has only homogeneous invariants; the second only isobaric. 

By eliminating the arbitrary functions from the above equations we find a 
relative invariant of each order for three curves passing through a common 

* Loc. cit., p. 235. 

7 The fact that four curves through a common point, with distinct tangents, have a con- 
formal invariant of second order was first stated in an article by Kasner, The geometry of 
differential elements of the second order, etc., AMerican Journal of Mathematics, 
vol. 28 (1906), p. 213. The invariant is there shown to be expressible as the anharmonic 
ratio of the lines connecting C; with C2, C;, Cs, O, where O is the common point, and C,, 
C., C3, Cs are the centers of curvature of the four curves. 
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point. These are 
| 


I, = yi, 2= Yi 


= lyiy’ 


(iv) 


yi” + — y? (yi yi” — 


aL 2 16 
— + Kiyi) yi yi 
I,, I3, [4 are three-rowed determinants, of which the ith row is given in each 
vase (i = 1,2,3). Moreover 


kK; = 
Yo Y2 


4 a 

Yo Y2Y2 — 


e'*4*46 Hence we have the four absolute invariants 


3 Ys — I; Iz’; I, 


Il. CONTACT TRANSFORMATIONS 


In our previous paper we dealt with the question of finite groups. There 
remain only those infinite groups that are not reducible to groups of point 
transformations. There are three types, whose characteristic functions are 


(F) ay+ W(r,y’), 
(G) W(r,y’), 
(1) Q(xr,y,y’), 


where W and Q are arbitrary functions of their arguments, and a is an arbitrary 
parameter.* (F) and (G@) are imprimitive. (J/) is the entire group of contact 
transformations in the plane. 

We have shown that the group defined by (//) has invariants of the same 
form as those of the entire group of point transformations, except that the 
order of each derivative is increased by unity. 2n analytic curves having 
contact of the first order but subject only to that restriction have a single 
invariant of order n + 1 for every n > 1.T 

The infinitesimal transformations of the type (G@) are 
(2) € of + n of + - of 
Ox Oy Oy’ 


*Lie, Leipsiger Abhandlungen, vol. 21, p. 150. 
t Loe. cit., Transa, p. 247. 
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where 
W,’, n=yW,y-W, xr=-—W,. 


It is to be noticed that £, + 7,’ = 0. If, then, we take x, y’ as point coérdi- 
nates in a plane, the group 


becomes the area-preserving group of point transformations. The extended 
complete system of (2) is identical with that of (3), since neither — nor 7 
involve y. It follows, then, that the complete system equivalent to the 
group of contact transformations whose characteristic function is the same 
as that of the area-preserving group of point transformations except that the 
order of each derivative is increased by unity. 

For the entire group of contact transformations it is necessary that all the 
curves of the configuration shall pass through a common point and have 
contact of at least the first order if the configuration is to have invariants, 
For the group W (2, y’) this is not necessary. Since all the arbitrary func- 
tions involve only x and y’, the most general configuration having invariants 
consists of curves whose base-points have the same abscissa, and whose tangents 
are parallel. From our results for the area-preserving group, then, we have the 

TueoreM. If our configuration consists of curves whose base-points have the 
same abscissa and whose tangents are parallel, n + 3 curves have an invariant 
of order n + 1 under the group of contact transformations whose characteristic 
function is W(x, y’). The invariants are of the same form as those of the area- 
preserving group of point-transformations for configurations of n + 3 curves 
having contact of zero order. The order of each derivative, however, is increased 
by unity. 

The group ay + W(2, y’) has the infinitesimal transformations 


= W,’; n=y W, —ay-—W; = — W,- ay’. 


Hence we have 
Bex + Try’ = 0, 


+ Ty'y’ = 0, 

and it is clear that this group bears the same relation to the group (B) of 
point transformations as W (2, y’) bears to the area-preserving group. The 
results for this group, then, are as follows: 

THeorEM. The group of contact transformations whose characteristic func- 
tion is ay + W(x, y’) has invariants for a configuration of n + 3 curves whose 
base-points have the same abscissa and whose tangents are parallel. There is 
one invariant of order n + 1, which is identical with the corresponding invariant 

Trans. Am, Math. Soc. 26 
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of the group of point transformations which multiplies areas by a constant, except 
that the order of each derivative is increased by unity. 

And finally: 

Tueorem. The invariants of the group ay + W(x, y’) are the invariants 
of the group W (a, y’) for the same configuration which are homogeneous of 


degree zero. 
Ill. SumMAary 


We may resume the results for \, for the various types of infinite groups 


in the following table: 


Point Transformations Contact 


B Cc D H 


2n +2 n+3 n+3 n+2 : | 2n +2 n+3 n+3 
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ON TRIPLY ORTHOGONAL CONGRUENCES* 


JAMES BYRNIE SHAW 


INTRODUCTION 


1. A vector field is defined by the value of a vector o at each point of the 
field. This vector o is a function of p, the vector to the point from some 
given origin. Ifo is taken as tangent to a curve at each of the points of the 
space considered, these tangents will envelop a congruence of curves, the 
vector lines of the field of o. The tensor or length of ¢ is not determinable 
from the congruence, the congruence depending only upon the unit vector Uc. 
The congruence itself however determines many properties of the field, which 
are of course purely geometric properties, and in physical phenomena are not 
dependent on physical facts except through the law by which Uc is determined. 
It is purposed to consider some of these properties which belong to the con- 
gruences determined by three unit vectors which are everywhere mutually 
perpendicular. These will generally be indicated by a, 8, y; but in case 
they are the tangent, principal normal, and binormal of a curve, we will use v 
with a proper sul script to indicate the principal normal, and yw with the same 
subscript to indicate the binormal. For instance, if we are discussing a curve 
of the a congruence the normal will be », and the binormal y,. 

The algebra used throughout is Quaternions, all the usual symbols of that 
algebra being introduced with no explanation. However it should be noted 
that such an expression as af is always a quaternion product. 

The symbol ¢ and the symbol @ are throughout linear vector operators,— 
in the case of @ related to certain vectors which are subscripts of @. For 
instance we define for any vector n: ¢, = —S()V-7. The occurrence of 
such operators is due to the fact that if the point under discussion at the end 
of p is displaced to p + dp, the vector n becomes 7 + dn where 

dn = — SdpV n = $,¢dp. 

In every instance Y operates upon every variable that follows it unless it 
varries a subscript, in which case it operates upon everything with that sub- 
script whether preceding or following, the subscripts being dropped after the 
differentiation. 


* Presented to the Society, December 28, 1918. 
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2. We recall the Serret-Frenet formulas in this notation, indicating the 
curvature by ¢ with proper subscript and the torsion by ¢ with subscript. 
For instance, we have for a curve of the a congruence 


Vala = Daa, =O, 4, = >, a; 


since @, a is the vector rate of change of a, dy/ds, in the direction of a, ¢, a 
the rate of change, dy/ds, of v, for displacements in the direction of a, ete. 
If we set w, = ¢, ua +t, a then w, is the rectifying line of the curve and we 
have (omitting the subscripts for brevity) 

dy du da 

— = Vow = = Va — = Vwa. 

ds ds ds 
In case we have 7 = la + mB + ny where /, m, n are constant and w retains 
its meaning, 


THE SYSTEM a, 


3. Since a, 6, y are unit vectors Sada = 0 = SBdB = Sydy, or Sad, dp = 0 
for all dp, and similarly for the others. Hence we have for any vector, 
Sad, () = 0, or ¢, a = 0 where ¢’ is the conjugate, or transverse operator, 
and likewise ¢, 8 = 0, d, y = 0. 

Since SaB = 0 etc. we have Sad8 + S8da = 0, or Sad,g () + SBd,() = 0, 


or ¢3; a = — $, 8 with similar equations for the others. 
Since a8 = y we have Vy = Vi10:18+ Vi a6:, and since for any two 
vectors A, uw we have always Au = — wdA + 2Sdyu we obtain from the equation 


just written 
Vy = ViaiB — Vi8ia + 29; Sap;, 


or, remembering = — Vi Sai8, 
Vy = Via8 — Vibia + 29,8. 


We obtain the similar equations for the other vectors a, 8 by interchanging 
the symbols cyclically. This equation shows that the quaternion Vy is fully 
determined from a and 6. ‘Taking the scalar and writing the expressions 
so that the subscripts may be omitted, the convergence of ¥ is 


Svy = S8Va — Save, or Sy[VaVVa + VBVVB + VyV Vy}. 
The expression in the bracket being the same for all three vectors, we will set 


2e = Val va + VBV VB + 


| 
dn 
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and have the three convergences in the form 


Sva = 2Sae, SVB = 2SBe, = 


Hence 

2e = — aSVa — BSVB — ySV7. 

Since 

VaVVa = = SaV-a— }VSaa = —¢,% 
it becomes evident that ¢€ is half the sum of the three vector curvatures, with 


sign reversed, of the three curves for a, 8, y at the point considered. 

4. We have, by taking the vector of Vy, the curl of y: 

Vvy 8 = $.8 — dgat+2Vey. 

The last member is found by expanding the first two vectors by the usual qua- 
ternion formulas, introducing ¢, and substituting the values of SVa, SVS. 
This form will be further reduced. 

5. Multiplying Vy into y and taking the scalar we have (since S\d’ u 
= 


SyVv = SaVa + SBVB + 2889, y. 

If now we set 2p = SaVa + SBVB + SyVv we have 

y = — = p — SBo, a = — Syd, a = p — SaVa, 
Sy¢.8 = — Sag,B = p — SBVB. 


Multiplying @ into Vy, taking the scalar, reducing by previous formulas, 
and writing the corresponding formulas cyclically, 


SyVa = SBd,a = — a = c, , 
SavVB = = — = cg 
SBVy = Sag, = — 7 = ¢, Savr,. 
Multiplying by 6 and taking the scalar, and writing corresponding formulas: 
SyVB = SBd.8 = — B = — cg Sarg, 
Savy = Sy¢a7 = — = — ¢, 
SBVa = Sad a = — Sy¢,a = —c, Sy. 


6. From these results it is easy to see that if v is the principal normal of 
the a curves and yu the binormal, c the curvature and ¢ the torsion, p,, referring 
Wa, 


ec = — Suva = TVal Va, t = p,, — SaVa, c’ = — VaVTVa, 
v= — UVal Va, uw = — UValal Va, pP,at+VVa, 
S V 
cu = — Val al Va = aSaVa + VVa, t= — SaVa — av ) 


Val Va 
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Since the determination of the normal and the curvature depends only 
upon an expression of the form @, 7 for any unit vector 7, similar expressions 
for the curves of 8B, y, v, and w may be written down at once except for ¢. 
The determination of ¢ depends upon the differentiation of the unit normal in a 
direction perpendicular to it, and consequently cannot be found as simply 
in the general case. However in certain special cases to be studied, the 
determination can be simplified. This difficulty of determination is also 
evident when we notice that the expression for ¢ contains p, which depends 
upon the curl of 6 and ¥ as well as on that of a. In general the quantity p 
depends upon what 6 and ¥ are, and in the formula for ¢ it is understood that 
in finding p, 8, and y must be the normal and binormal respectively. 

In case 6B and y are not the normal and the binormal, let the angle from 


the normal to B be w, then 
gp, 
V8 =cosw- Vv +sinw:- Yuet y, 
—sinw-yv+cosw 
Vy Vr + cosw- Vu — Viwi: B. 


Hence we have 


S8ve + SyVy = Srvy + SuVu — 2SaVw, 


and referred to a, 8, y we have for the value of p in terms of p,, (the value 


of p in terms of a, v, 
2p = SaVa + SBVB + SYVY = 2p,, — 2aVu, 

or p = p,, + derivative of w for displacements in direction a. That is to 
say the quantity p belonging to arbitrary axes will be the corresponding 
quantity for the intrinsic axes of the curve plus the angular rate of rotation 
of the arbitrary system 8, y about a, for displacements along a. If this 
angular rotation is zero, so that 8 maintains a fixed angle with the normal, 
then there is no change in p. The torsion of @ in this case can be found from 
the a, 8, y trihedral. 

In particular if we consider the 8 curves and let a be the principal normal 
for the 8 curve and also for the y curve then for any 6 curve the torsion is 
p — Seve, and likewise for any y curve the torsion is p — SyVy._ It follows 
that the sum 

ts +t, = 2p — S8VB — SyYVy = SaVa 
and this is independent of the particular curves 8 and y provided @ is their 
principal normal.* Hence the sum of the torsions of any two orthogonal 

*R. A. P. Rogers, Some differential properties of the orthogonal trajectories of a congruence 


of curves, with an application to curl and divergence of rectors, Proceedings of the 
foval Trish Academy, 29A (1912), 92-117. 
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curves for which a@ is the principal normal is also Sava. For, the tangent 
to any curve of which a is the principal normal can be written 6 cos u + y sin u. 
Hence the normal @ times the curvature ¢ is given by 


—S(BPcosu+ysinu)V- (Bcosu+t+ y¥ sin u) 
= a(¢g cos* u + ¢, sin? u + sin u cos u) (Syd, B + S8d, Y) 
+ B(sin u cos u( SBYu + 8) + sin? uSyVu) 
— u cos u(SyVu — Sydg y) + cos? uSBYu). 


The terms in 6 and y must however vanish b¥ hypothesis so that in as much as 
uw is an arbitrary angle we must have along the curve in question Yu = 0, 
since B = — B = Sya = 0, and Sy¢g y = — = 0. Hence 
along any curve for which the vector @ is the principal normal the tangent 
will make fixed angles with 6 and y, or what is the same thing the trihedral 
maintains a constant relation to the fundamental trihedral. Hence for any 
two such curves with perpendicular tangents, the sum of the torsions is SaVa .* 

It follows that the quantity p is the sum of the mean torsions of curves 
normal to each of the three vectors a, 8B, y, respectively. These curves 
vannot be taken so as to serve for different principal normals, unless they are 
straight lines. For instance the two used for @ as principal normal cannot be 
used also for 8 as principal normal. 

Further the curvature of a curve with @ as principal normal is 


cos? u + sin? + sin cos u[ SB (db. + 62.) 1). 


If we add to this the curvature of a perpendicular curve of the set we have 
cg +c,, which does not contain u, and is the same therefore for all such 
perpendicular pairs; it reduces to S8¢,8 + y, that is to — mi (¢,) 
where m,(@) is the first sealar invariant of the operator ¢, and for @, is 
+ Sva. Hence the sum of the curvatures of the perpendicular pair of 
normal curves is — SVa.* 

Since S8Va is the projection of the vector curvature of @ on vy, the per- 
pendicular to both a and 8, and SyVa the projection of this vector curvature 
on — 6, the common perpendicular to y and a, we see that the curl of a 
consists of a vector along @ and a vector in the plane perpendicular to a, the 
latter being the numerical curvature times the unit vector which is the bi- 
normal. Ilence the components of 8 along the unit normal and the unit 
binormal are — SyVa/e and — S8Va/c, and the corresponding components 
of y are S8Va/e and — SyVa/c. In case Val’ Va = 0 these components 


*R. A. P. Rogers, Some differential properties of the orthogonal trajectorics of a congruenc 


of curves, with an application to curl and divergence of vectors, Proceedings of the 
Royal Irish Academy, 29A (1912), 92-117. 
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become indeterminate. In case SaVa = 0, @ is perpendicular to V Va and e 
becomes merely T)’Va. Also we notice that in any case 


p =t, + Sava + dw/ds. 


THE OPERATORS $8, 


7. Since ¢, a = 0, the transverse of ¢, has at least one zero root, and 
therefore ¢, has at least one zero root. The form of ¢, must then be either 


(a) — BSi3 + ySh, & 40, Vise 40, 


(b) B’ S&, 0, where is perpendicular to a, 8” 


(ec) O. 

In case (c) @ is constant and its congruence consists of parallel straight 
lines. The 8 and y curves lie in parallel planes perpendicular to a, that is a 
is their common binormal. This is evident also from the Serret-Frenet 
formulas. For we have 

d.= —S()V-a= —S8()V- By = — 
and if this vanishes its transverse vanishes, that is ¢, Vy — ¢, V8 = 0, whence 
=0, d, a =), and as = 0, = 


so that the binormals are a in each case. The 6 curves in their plane are 
respectively orthogonal to the y curves in the same plane. The curvature 


of the 8 curves is the projection of £ on their normal, and likewise for the 
curvature of the y curves. The projection of — on a@ is the quantity — p. 
In case (b) we find that for some vector 7 


= — aSfcosu + = — aSf sin u — BSr, 


where 6’ = Bcosu+vysinu. In this case da = + B’ Sédp for any dp. 
But if dp is taken along the a curve da = ¢,v, hence + B’ = »,, aB = p,, 
and + Saf =c¢,. We have at once since m,(¢,) = SVa ete. 


=-—cosuSaf+Syr, SVy = — sin uSat — 


and 
= as’ + Vra = Venu. + Vra. 


Again since the double spin vector of ¢, is VVa, 
VVa = Vp’ = — Vagfcosu+Vyr, 
Vyy = — Vag sin u — V6r, 
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SaVa = Su, f, SBVB = cos u + Sar, 
SyVv = — sin u + Sar, 
2p = 2Su, ¢ + 2Sar, or p = Su. + Sar. 
Differentiating the normal along a, we find from the Frenet formulas 
i, = Sta — SaVu, w, = [aSa(r — Yu) — Saf]p’. 


If 8 is the normal v,, and y the binormal yu, , Saz is the torsion of the a curves. 

When dp is in the plane Sfx = 0, da = 0, and hence for all infinitesimal 
displacements of the vertex of the trihedral of a, 8, y ina plane perpendicular 
to ¢, a remains constant, d8 becomes ySrdp or )'aBSrdp and dy is 


— BSrdp = VaySrdp. 


That is to say, the trihedral is rotated about a by the angular rotation Srdp. 
Hence for congruences orthogonal to the congruence J’dpf = 0, the trihedral 
merely rotates about a by an amount equal to the projection of 7 on the 
tangent of the curve. In case then the ¢ congruence is a normal congruence, 
the normal surfaces are such that displacements of the vertex on any such 
surface are accompanied by rotation about a. If dp is perpendicular to + 
there is no rotation, so that for displacements along the congruence !’'dpVr¢ = 0 
there is no rotation of the trihedral at all. Particular cases would occur if 
Ver = Oorifr =0. 

Since we can write da = — Sédp, dB = — VB(u, + aSrdp), 
dy = — Vy(u, Stdp + aSrdp), it is evident that for any case whatever of 
displacement dp, there is a rotation given by the vector + yu, Sfdp + aSrdp. 
In case t = 0 there is rotation about the binormal of the a curve and a is 
the common normal of the 8 and the y curves. In any case there is rotation 
about a line in the rectifying plane of a, the vector axis of rotation being a 
linear function 6 = uw, S& + aSr of the displacement. This function is such 
that its transverse has the normal of the a curves for a zero axis. It is also 
clear that if ¢, is of nullity* two, then ¢, and ¢, are of nullity unity or nullity 
two together, (since they depend directly upon the same vectors ¢, 7) unless 
it happen that 6’ is = 8 or = ¥ in which case ¢, in the first instance, ¢, in 
the second, is of nullity one greater than that of the other. 

In case (a) it is not difficult to find that the general forms of ¢, , ¢,, @, are: 


dg = — + = — + BSH, bd. = — + 


These follow since ¢, y = — ¢,8 ete. It is evident that when ¢, is given 
we also know ¢, and ¢, when further a single vector ¢1 is given or found. 
Since in this case f, ¢3 are not zero and not parallel, ¢, is of nullity unity. 


* Nullity equals order minus rank, that is, here, nullity two and rank one mean the same. 
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We may have however ¢; either zero or parallel to ¢2 or 3. So that ¢, or ¢, 
or both may have nullity two but not nullity three. The invariant axis of ¢, 
for the root 0 is easily found, for the adjunct operator y, is 


so that the invariant axis Vos = = V2 This may 
also be easily found by noticing that — {2 = @,y, or f = Vi Sary, and 
=- V1 Sa, 8. 

We may have different possibilities for the other axes and roots of ¢,. 
We may have another zero root, in which case the invariant m,. = 0, that is 
Ve Vay a2 = 0, or in terms of &, &3, Sate = 0 and a, and ¢3 
are in one plane. Hence Vagts, are in the same direction 6” in 


the plane of 8 and y. 

If now the nullity is to remain unity, ¢, must convert some other direction 
into that of the invariant direction B’’. This new direction cannot be in the 
plane of 8 and y, for if ¢, converts this direction into 8” and annuls 6”, ¢; 


would annul the whole 6, y plane, and as ¢, converts all vectors into this 
plane, @; would annul all vectors and there would be three zero roots. Hence 
with just two zero roots and nullity unity there is a direction £ not in the 
8, y plane which is converted into 8B” by ¢,. Now if , & is not parallel to 
is such a vector. For 1B” is parallel to @, f2 Vats 
or Sho bd, a — or Vb, ad, or finally hence 
is parallel to 8’. Now @, converts vectors into the plane of f2 and £3 hence 
they cannot be parallel to 8’’, perpendicular to this plane. However ¢, f 
might vanish on account of ¢» being parallel to a. In such case ¢3 is not 
parallel to @ and will answer just as well to determine the direction in question. 
Hence we have a unit vector in the direction of 6, or VB” 3. 
This is clearly perpendicular to @, ¢, and to 8’’, hence is the line in the plane 
of a, which is perpendicular to 2. But ¢,a@ = 0, hence if is 
the intersection of the plane of a, f2, €; with the 8, y plane, ¢, will give for 
any vector in this plane a multiple of ¢, 8’ so that if 8’ = 8 cos u + ¥ sin u, 
the direction £ is in the plane and is perpendicular to — ¢3 cos u + ¢ sin wu. 
It may be written — cos u + & sinu). Now there must under 
the hypotheses be one invariant axis in the 8, y plane not in the direction 
of 8’, and with a root not zero; let such direction be 6. Then 


= — + hp” SVB” 
where 6’ is in plane of 8, y and = J’ap’’, hence 
= (— giSa + Sp’)VB", and = VB" (gaSé — hp’ Sp’), 
f2 = — VB" (gaSéy — hp’ SB” y), 
fs = VB" (gaSéB — hp’ SB’ B). 
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THE OPERATOR 6 


8. It will not have escaped attention that the three operators ¢,, ¢g, ¢, 
are intimately connected and have elements in common, as for instance the 
vectors €1, f, €3. In fact it is evident at once that if we let 

then 


= — Vaé, os = — = — 
and that we can also write (since Sag, = 0, ete.) 
20 = ad, + Bos + Y¥9,- 


We may arrive at @ from another starting point however. If we consider 
the trihedral of the three unit vectors a, 8, y moving from one position to 
another, the original position having been ay, 80, Yo, the position a, B, ¥ 
could be produced by a rotation g () q, where q is a unit quaternion, and q is 
the conjugate unit quaternion, that is 


a = qaoq, B = qBoq, Y = 


The axis of q is the axis of rotation, and the angle of ¢ is half the angle of 
rotation. It is important to notice that q is a definite function of a, B, y.* 

If now we displace the vertex by an amount dp, the differential change in 
the rotation would be given by 2Vdqq or 2dqq, since Tq is 1 and Sdqq = 0. 
This is a linear vector function of dp, say 6dp, that is, 


6dp = — 2SdpVi - 


The displacement of the end of a@ would be V@(dp)a=da, so that 
= — J’a6, and so for the others. From this it would follow at once that 


6 = ad, + a times a linear scalar function = ad, — aSt,. 


We can easily now arrive at the form given above. We notice that for any 
n =aa+bB+cy, Tn = 1,4, b, constant, we must have = n¢, — 
This prevents @ from being arbitrary absolutely. 

9. If for q we substitute ga, we see at once that if a is a constant quaternion 
6 is not changed. That is we may use for a, 8, y any other trihedral of 
mutually orthogonal unit vectors, which maintain constant angles with 
a, 8, in all positions. If however a is not constant then 


6, = 0+ quq, where w= —28()Vi- a4. 


6 is the operator that converts a displacement dp into the resulting instan- 
taneous rotation, represented by an axis and a length on it which measures 


* See Joly, Manual of Quaternions, p. 26, Ex. 6. 
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the rotation rate; that is, for a displacement in the direction 7, the rotation 
has the direction and rate of rotation given by 67. When this is multiplied 
by ds, the length of the displacement, it gives the instantaneous rotation. 
It might be called a rotation derivative. 

10. By using a fundamental identity of quaternions we have 


— () SaVa = Vaa; + Vai Vi Sa + aSay. 
Adding similar forms for 6 and y we have 
() [Sava + SBVB + SyVy] = ad, + Bbs + — VVi aSay 
— BSB: — — Var Vi Sa — 88 — Sy. 


But we have always () = — aSa — BS8 — ySy so that operating on this 
with VY, and transposing, 


Hence if we set, as in § 5, 
2p = SaVa + SBVB + SyVyv 
we find from the above the important formula 
2p () = 26+ 2191 a; Sa + 21°91 SB + 11 Sy, 
or transposing and limiting ¥ to the first following vector, 
6 = p — VvaSa — — VyySy, 
which gives 6 in terms of the curls of a, B, y. 
This may also be written 
= p — VaySa — VBySB — VyvSy, 
where V acts on the following vector, and this reduces at once to 
p + Vad. + + 
Whence we have 
 =p—o,Va— og IB Vy. 


We now have 


Since = — etc., these reduce to 


= pat+ VVa + 2Vae, fo = pB+ + Be, 
= py + VVy + ye. 


These determine the vectors (1, f2, €3 in terms of a, 8, y respectively, since € 
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is already known in terms of a, 8, y. If 9 preserves invariable angles with 


6n = pn + Vn, = pn tA V0 + 


11. The first scalar invariant of 6, designated by m, is 
3p — Sava — SBYB — SyVy = p. 
From this we can form the function 
Xe =m VV Sy. 
It is obvious at once that the curls are given in terms of @ in the form 
VVa = —xea, etc. 
The vector called the spin-vector of @, is the same as ¢ in § 3, 
= Va + + Vy) 
= + = — 2[aSVa + BSVB + 


A necessary and sufficient condition that ¢ = 0 is that the three convergences 
vanish. If the curls vanish, ¢ = 0, and the divergences vanish, which we 
would also know from the equations Sya = SyV8 — S6Vy7y, ete., so that the 
vanishing of the curls is a sufficient condition, for the vanishing of ¢. How- 
ever as p also vanishes, 6 = 0 in this case whereas the vanishing of € means 
that 6 = 6’, that is, @ is self-transverse. Hence the vanishing of the curls 
is not a necessary condition that « = 0. 

When @ = 0 each of the operators ¢,, dg, ¢, vanishes, and a, 8, y are 
constant. When @ is self-transverse the three sets of curves which have as 
principal normals the three vectors a, 8, y respectively, are such that per- 
pendicular curves of the same set have equal curvatures and one normal is 
opposite to the other; that is, taking the normal curves of a@ for instance, 
if one is concave in the direction of a the perpendicular curve is concave in 
the direction of — a. 

If we subtract the last form of ¢ from the first we have 


Vava + VBvV8 + Vyvy = 0. 
Adding 2p we have 
aVa + BYB + YVy = 2p. 

12. Since 8a = VVa + pa, it is clear that if V/Ya = 0 then ais an invariant 
axis of 6, and since ¢, a = 0), the a curves are straight. Hence VVa = Oisa 
sufficient condition that the @ curves be straight. But conversely if @ is an 
invariant axis, either )} Va = 0 or else VaV Va = 0 = ¢, a hence the curva- 
ture of the @ curves is zero, and they are straight lines. The necessary and 
sufficient condition is therefore V -aVYa = 0. If 7 is any vector which 
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maintains constant angles with a, 8, y then 6) = V'Yn + pn, and if 7 is an 
invariant axis for @ at all points, so that I’76) = 0 = V'nl' Vn, then the 7 con- 
gruence consists of straight lines, and displacements along them would be 
accompanied by rotation about them. Since @a is the instantaneous rotation 
that accompanies a displacement along a, the component of this rotation 
along a is — aSada. In case £ is the principal normal of the a curve and y 
its binormal, for all positions, then — Sa@a is the rate of rotation of the 
osculating plane and is therefore the torsion of the a curve. However it is 
to be remembered that in this expression of the torsion @ is dependent upon 
the normal and binormal. @ does not change however if for the normal 
and the binormal we substitute 6’, y’ two perpendicular unit vectors in the 
plane of 8, y which maintain constant angles with them. Since — Sada = p 
— SaVa we see that when a is the principal normal of the 8 curves and of 
the y curves we have 


— Saba = p—t, —t,. 


This relation will hold if 8 and y are the tangents of any two perpendicular 
normal curves of a. We may write this in the form 


tg +t, = p+ Saba. 


In case a is the direction of the principal normal of a curve whose tangent 
is 8 we must have as the necessary and sufficient condition 


Vads 8B = 0 = — Val B68 = BSalB = SalB = SBA’ a. 
Likewise if it has the direction of the principal normal of a y curve we must 
have Saéy = 0, hence Sy6’ a = 0 also. Under these conditions 
10’ al By = 0 or Vala =0. 
Hence the necessary and sufficient condition that a is in the direction of the 
principal normal of the 6 curves and the y curves, and hence of all curves 
whose tangents maintain constant angles with 8 and yj, is 


=0. 
13. Since 26 = — aa, SY; — 88: SVi — vyi SV: we find at once that 
= — Vaz a, V2 — VV Ve — Veer V2, 


where VY on the left operates only on 6 and where each term on the right con- 
tains a vacant place for the operand of the linear vector operator. But this 
is the same as 
, , 
But since ¢, = — Vaé we have for all A, uv, 


= VV abu = — = — VrAu 
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so that ¥, = — aSay, with similar forms for the others. Substituting these 
we have 
= — 

This is an important form. When it vanishes identically we have the 
necessary and sufficient condition fulfilled that 6dp be an exact differential. 
In this case we could write @dp = — - oa where is properly chosen. 
That is, the form of 6 can be reduced to 6 = —S()V-a. Hence p = SVo, 
2e = SVa = SaVo, SVB = SBVo, = SYVe, Cav. = — Vad, a, 
etc. This particular case leads to some very interesting possibilities. 

From the equation above we have 

ve 
From this it is easy to arrive at the second scalar invariant of 0, for it is the 
first scalar invariant of W,, and it is easy to prove that for the general case 
of an operator like this the first scalar invariant is — 2SVe. 

Hence mz = — 2SVe. This can be verified by the direct calculation from 
the first or other form of 6. 

Since W, 6 = m3 (), we have taking the first scalar invariant of this 

3m3 = 

where the subscript is removed after the differentiations. When m; = 0, 6 has 
at least one zero root. In case Wg is not also zero nor mz zero, there is but one 
zero root. The invariant axis of this root is ~, 6 where 6 is any unit vector. 
If also mz = 0 but W, is not zero, zero is a repeated root with one invariant 
axis, but @ has a plane of invariant axes. The other root is then m, = p. 
If mz; = 0, Ye = 0, since there must be a repeated root, we must also have 
ms, = 0, and the zero root has two invariant axes, and hence a whole plane 
of invariant axes. In case all the scalar invariants are zero, there is a triple 
zero root with one invariant axis, @ has an invariant plane, and 6° annuls all 
vectors. If @ = 0, there is a triple zero root, with an infinity of axes in a 
plane. If @ = 0 any line is an axis. 

14. Other expressions for the scalar invariants m2 and m; are as follows: 


m, = — — SaV VBVVy — SBVVyV Va — SyVVaVV¥8, 

m3; = pm, — SVVaVYBVVy. 
We also have 
2e+ 2p VV + VV 
2p — 2e = 0 = Vava+ VBVB+ 


VvyaSva — — VyySvy 
6(«€) 2 = = Evy 


pe — 2VaVVVBV Vy — 2VBVV Va — 
= — See, . 


404 JAMES BYRNIE SHAW [October 


In all the above formulas Y operates only on the first following symbol. 
Another class of formulas which are useful are the following: 


VSVa = 2VSae = — 26,€ + Sera 
= 20’ Vea + 20: Sepa = Oa — a — 26. a, 
SavSva + SBYSVB + SyVSVvy = — 28Ve, 
VavSva + VBVSVB + 
— 2V al’ Vae — ete. + 2Va(¥i Se.) a@ + ete. 
— 2) VBy0’ Vae — ete. + ete. 
— 2pe — 4V Ve. 


Numerous other relations can be written down easily. 

15. The linear vector function @ has at least one invariant axis, say &. 
This axis is such that 0&, = gi £:. There is therefore at every point one 
direction at least such that displacements in that direction are accompanied 
by rotation about the same direction, though the rate g; may be zero. Con- 
sequently these directions determine at least one congruence of curves such 
that if the vertex of the trihedral travels on any one of the curves the trihedral 
will rotate about the tangent of the curve, the amount of rotation depending 
upon the position. The motion of the trihedral is a sort of serew motion. In 
case the roots of 6 are all distinct, they have shear regions of one dimension, 
and there will be at each point three curves, the whole constituting three 
congruences, such that displacement along any one of the curves is accom- 
panied by a screw motion along the curve. Since any point can be reached 
by displacements on the three congruences, any displacement and consequent 
rotations of the trihedral can be analyzed into three successive screw motions, 
If one of the distinct roots is zero, the rotation about the axis is of zero mag- 
nitude and the displacement is accompanied by a mere gliding, the trihedral 
remaining parallel to itself. If there are two zero roots which have distinct 
invariant axes, that is if they have shear regions of one dimension each, they 
may be any two distinct directions in the plane of the two shear regions. In 
such case the plane containing all the invariant axes would envelope a surface 
such that displacements from any point of the surface to any other point 
would be accompanied by no rotation whatever. If we have the similar 
case for all three roots, @ = 0 and any motion is a mere translation. 

When one of the roots is repeated, even a zero root, but the shear region is 
of two dimensions, so that there is only one invariant axis, then @ converts 
any other definite direction in the shear region into a multiple of itself, which 


may be zero, plus a multiple of the unit vector of the invariant axis. Hence 
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at each point thers would be one tangent line of a curve belonging to a con- 
gruence along which the motion is a screw motion on the curve, and there is 
also a tangent to a curve for which displacements are screw motions along the 
curve and also a rotation about a straight line which would be in the direction 
of the tangent to the curve at the point belonging to the first mentioned 
congruence. In case this double root is zero, there will be a congruence for 
which the trihedral simply moves parallel to itself, and there will also be a 
congruence, for which the trihedral moves parallel to itself with a superimposed 
rotation at each point about the tangent of the curve at the point which belongs 
to the first congruence. 

When there is a triple root we may have the preceding case with a third 
congruence for which the motion is a screw motion on the curve, this con- 
gruence and the invariant congruence of the same root determining a surface 
for which displacement along any curve lying on it is accompanied by a screw 
motion. The third congruence cuts through these surfaces and displace- 
ments along it would be screw motions accompanied by rotation about a single 
tangent to a curve lying on the surface. If the root is zero the rate of rotation 
is zero and the motions become translations, save for the last case. 

Finally if there is a triple root with a shear region of three dimensions, 
there is a congruence for which the motion is a screw motion, another con- 
gruence for which the motion is a screw motion accompanied by a rotation 
about a tangent to a curve of the first congruence, and a third congruence 
for which motion is a screw motion accompanied by a rotation about a tangent 
to a curve of the second congruence. In case the root is zero, the screw 
motion degenerates into a translation, but the rotations remain. 

In the cases of shear region of dimensions two or three the congruences 
accompanied by rotations are not unique, for it is clear that if 

= gi + and 6: =n hi, 
then 
and similar equations hold for a shear region of order three. 

16. If @ has no zero roots, then ~~ a@ must be an axis for ¢,; and similarly for 
B, and y, for = — = — Vaan =. In case @ has a zero 
root the corresponding invariant axis or axes are also zero axes for each ¢,, 
¢s,,- In this case if % a does not vanish it is also an invariant axis for a 
zero root of all of the operators @ and @. In case there are two zero roots 
of 6, then Y» may also vanish identically, and there is a whole plane of invari- 
ant axes of @ and each @¢, or %» may not vanish identically, in which case 
again W, @ is an invariant axis for @, etc. The case of three zero roots for @ 
gives Yo = @, and if this does not vanish identically it gives Yp a an axis of 
@, as before. If also however 6 = 0, and @ # O, then 6a is an axis for ¢,. 


Trans. Am. Math. Soc. 27 
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If @ is an invariant axis of @ it is a zero axis of ¢,, etc. But in this case 
Vada = 0, hence the curvature of curves of the a congruence is everywhere 
zero and they are straight lines. The condition V'a@a = 0 is evidently the 
necessary and sufficient condition that the a congruence consist of straight 
lines. Also Vad’ a = 0 is the condition that a is everywhere the principal 
normal of the 8 and y curves. The form of @ in this case is special, being 


6 = — zaSa — BS(uB + vy) — yS(wB+0'y). 
Therefore Vea = O and Vee = 0 are necessary and sufficient conditions that a 
congruence of straight lines be principal normals to the orthogonal con- 
gruences 6 and y. 

17. In case Vaé’ a = 0, that is when @ is an axis of 6’, a is the principal 
normal of the 8 and the y curves so that 
tg = = — SPO, t, = — Sid. 7 = — Syby. 

From these we have 

ts — t, = Sy¢.8 + = Sal’B( od. + 
Since we already have seen that 


ts +t, = SaVa, 
we have at once 


2t, = SaVa + Sal’ B(¢, + 2t, = Sava — SalVB(¢, + 


Let us hold @ constant now and vary 6. This torsion is an extremal if 
0 = Sal'dB(¢, + ¢,)8 + SaVB(¢, + ¢,) dB. 
But d@ is parallel to y, since @ is fixed; hence 
0 = — SB(d. + + Sy + 


Hence we have for a maximum or minimum 
S8¢.8 =Sy¢.y or SyVB = — SBvy = —28Va 
Sy68 + = 0. 


This may be interpreted to read: the curvatures for the curves of extreme 
torsions are both equal to — 3 the convergence of a. Hence the vectors B of 
extreme torsion are in the directions of equal curvature for the perpendicular 
vectors B, y. 

18. The curvature of a 8 curve is easy to find when a@ is the normal of all 
the 8 curves, for it is 


— Sad, 8 = 8. 
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This is an extremal when Sd8¢, 8B + S8¢, d8 = 0, or since d@ is parallel to y, 


S668 = S707. 


That is, the direction of curves with extreme curvature is such that the torsion 
equals that of the perpendicular curve and is hence = } SaVa. 
19. The value of the torsion of the 8 curve is 


= Sava + (S808 — Sy0y) = Sava + + $.)8 


and if we let 6 be a direction of extreme curvature, S808 — Sy@y = 0. Sup- 
pose B®’ s any other direction, and 


B’ =Becosut+ysinu, = af’ = —Bsinu+ ycosu. 
Then 
Sp’ 08’ — Sy’ Oy’ = 28 (BOy + y0B8) sin 2u. 


Hence for any torsion 
= + 28 (BOy + 708) sin 2u. 


Again the value of the curvature of the 6 curve is Sy68, and if we measure 
u now from the direction of extreme torsion, we have 


Sy’ 08’ = Sy0B — (SB0B — Sy67) sin 2u 
2Sy’ 6B’ = Sva — (S808 — Syby) sin 2u 


as the value of the curvature of the B’ curve. 
It is easy to see if we set BP’ = B+ 7, y’ = B — 7, that when 


= = 0 
we have 
SB’ Oy’ + Sy’ 6B’ = 0, 
and when 
+ =0, SB’ 68’ — Sy’ by’ =0. 


Hence the two sets of extremal directions bisect each other. 

20. Recurring to the form 6 = ad, — aSf we need to notice that this form 
alone with ¢ purely arbitrary will not give us 0, since it is too general. The 
derivation of @ shows that a similar form must hold for any unit vector 7, 
instead of a, if 7 is fixed with reference to the trihedral of a, 8, y. Hence ¢ 
is not purely arbitrary. In fact, we have from the form given in § 12 for Yo, 
when @ is taken in the form just above, 


OV’ Vaz ay SVVi V2 8vif() aSVVE() Wo, 


whence 
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But forming VAu = dO’ directly we get 
Yo=¥. — 
It follows that we ought to have V ve = — y¥, a. This we can prove directly 
as follows: 
= — = Vove = = VV dp 
Now we have from § 10, ¢3 = — ¢. Vy + ¢, Va, and substituting we have: 
= Vas — V1 VBy) 
— VV y = Ve. 6.8 = — ae. 
The form above gives simple forms for the invariants of 0. We have 
m, = p = SaVa — Saf, m, = + SfVa, ms = 
2e = aSVat+¢,a+ lal, 20e = VVa — ¢ — 


The discussion above can now be stated in terms of a and ¢. For instance: 


6 cannot have a zero root unless m3; = 0, that is S¢y¢é = 0, and the ¢ con- 
gruence is normal to a set of surfaces. We need not elaborate these results 


further however. 


A SET OF PROPERTIES CHARACTERISTIC OF A CLASS OF CON- 
GRUENCES CONNECTED WITH THE THEORY OF FUNCTIONS“ 
E. J. WILCZYNSKI 
INTRODUCTION 


In a recent paper,t the author has discussed a class of congruences defined 
as follows. Let 


u+ iv F(z) = F(a+ iy) 


be a functional relation between the complex variables z and w. Let us first 
plot corresponding values of z and w in one and the same plane, and let us 
then project these points upon the unit sphere by stereographic projection. 
The lines, which join all pairs of points thus obtained upon the sphere, for a 
given relation w = F(z), form the congruence in question. 


If w is not a linear function of z, every congruence of this class has the following 
properties. 


Ia. It is a W-congruence whose focal sheets are distinct, non-degenerate, and 
non-ruled surfaces. 

Ib. The focal surfaces are real and have a positive measure of curvature. 

II. The developables of the congruence determine isothermally conjugate systems 
of curves on both sheets of the focal surface. 

III. The asymptotic curves of both sheets of the focal surface belong to linear 
complexes. 

IV. The directrix of the first kind, for every point of either focal sheet, coincides 
with the directrix of the second kind for the corresponding point of the other focal 
sheet. 

Va. The directrix quadrics of both focal sheets are non-degenerate, and coin- 
cide with each other. 

Vb. Both of these directrix quadrics coincide with the Riemann sphere. 

If we prefer, we may replace property II by 

* Presented to the Society, April 10, 1920. 

+ E. J. Wilezynski, Line-geometric representations for functions of a complex variable, these 
Transactions, vol. 20 (1919), pp. 271-298. Hereafter quoted as Line geometric 


representations. 


409 


410 E. J. WILCZYNSKI [October 


Il’. The congruences obtained from the given one by Laplace transformations 
are also W congruences.* 

In the present paper, we propose to show that these properties are charac- 
teristic of the class of congruences defined by a functional relation between 
two complex variables on the same sphere; and, in this connection, it is of 
interest to observe that properties Ia, I, III, IV, and Va, are purely projective, 
that Ib is concerned merely with questions of reality, and that the only metric 
property in the list is Vb. 

The case of a linear relation between z and w requires a separate discussion, 
which will be given in Articles 9 and 10. 

1. THE DIFFERENTIAL EQUATIONS OF A CONGRUENCE WHICH POSSESSES 

PROPERTIES Ia anv II 

Any congruence, whose focal sheets do not coincide, may be studied by 

means of a completely integrable system of partial differential equations, of 


the form 
Yo = m2, = NY, 


(1) Yuu = ay + bz + cy, + dzv, 
tern = Ay 
where the coefficients m,n, a,b,c, d,a’, b’, ce’, d’ are functions of u and v 
which satisfy the integrability conditions 
b = —d, — fu, 
= mn—c'd = fur, 
Muu + dv» + dfov + defo — fu my = ma + db’, 
Nov tC fuu Cufu —fons =c’at+nd’, 
2m,n + mn, = a, 
m,n + 2mn, = +f, mn + be’ 


where f is an arbitrary function of u and v. 


* This is a consequence of a theorem first proved be Demoulin and Tzitzéica. See my 
paper The general theory of congruences, these Transactions, vol. 16 (1915), p. 322. 
This paper will be quoted hereafter as Congruences. 

+ We may adopt this simplified form of statement, even if we have made use of a special 
method of transferring the variables z and w from the plane to the sphere. For, whenever 
there exists a functional relation between two complex variables on the sphere, corresponding 
points may be projected stereographically upon the plane, and the original construction 
may then be applied as indicated. 

tE. J. Wilezynski, Sur la théorie générale des congruences. Mémoire conronné par la 
classe des sciences. Mémoires publiés par la Classe des Sciences de l’Académie Royale de 
Belgique. Collection en 4°. Deuxiéme série. Tome III (1911). This paper will hereafter 
be cited as the Brussels Paper. 
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The reason for this is simple. Under conditions (2), system (1) will have 
exactly four linearly independent solutions (y“, 2), (k =1, 2, 3, 4), 
such that the general solution will be of the form 


q 4 
y= DcMHMy, z= Dic 2, 
k=1 


k=1 


where c™, ---, c® are constants. Let y™, ---, and ---, 2 be 
interpreted as the homogeneous coérdinates of two points, P, and P,. As 
u and v vary, P, and P, will describe two surfaces, S, and S, (either or both of 
which may degenerate into curves), and the line P, P, will generate a con- 
gruence. The surfaces S, and S, will be the focal surfaces of the congruence, 
and the ruled surfaces obtained by equating either wu or v to a constant will 
be its developables.* 

The invariants and covariants of (1) are those functions of the coefficients 
and variables which are left unchanged, absolutely or except for a factor, 
when system (1) is subjected to any transformation of the form 


(3) y=X(u)y, t=a(u), t=B(r), 


where A, uw, a, B are arbitrary functions of the single variables indicated. 
The effect of this transformation upon the coefficients of (1) is given by the 
following equations: 


(v Hs), 


A W-congruence is one which makes the asymptotic curves upon the two 
sheets of the focal surface correspond, and is characterized by the conditiont 


(5) W = mn —c'd = fuy = 0. 
Thus, if our congruence is a W-congruence, we may put 


f=Ut+S, 
* Brussels Paper, pp. 16 and 17. 
t Obtained by combining (16) and (22) of the Brussels Paper. 
t Brussels Paper, p. 46. 


«<2 
i= n, 
(4) fa = +#a) Pas 
hai, Bi 
(ee), 
5 _ MB» — _ Ber) 
d = d (4 
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where U and V are functions of u and v alone, respectively. We then have 
c=f, =U’, d’=f,=V’. 
As (4) shows we can find infinitely many transformations of form (3) for which 


é and d’ will both be equal to zero. We shall assume that such a transforma- 
tion has been made. We shall then have 


(6) e=d'=0, mn —c’d=0, 


andf = U + V will be aconstant. Equations (4) show that there are infinitely 
many transformations of form (3) which will preserve these conditions, namely 
all those for which 


(7) 2-+—=90, 2—4+—=0. 
By 

The developables of the congruence, wu = const. and v = const., always 
determine a conjugate system upon the focal surfaces. The conjugate system 
thus determined on S, is isothermally conjugate if and only if 


0 log d/m -0* 


that is, if and only if d/m is of the form 


d 


m 


= U(u)V(v), 


where U and V are non-vanishing functions of the single variables indicated.t 
But if this is so, let us make a transformation of form (3), conditioned by (7) 
so as not to disturb the simplification (6) already established. We find, 
from (4), 


d 
m 
If we put = V = 1, we shall have d = m, and then from (6) @ = 


That is, the developables of the congruence will determine an isothermally 
conjugate system on S, as well. Let us assume such a transformation made, 
so that we have 


(S) c=d' =0, d=m, c =n. 


The most general transformation of form (3) which preserves these relations 
will be conditioned by (7) and 


* Congruences, p. 322. 
t Non-vanishing because the focal sheets are assumed to be non-developable and non- 
degenerate. 


a, = 
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But a, is a function of u alone, and 8, is a function of v alone. Therefore this 
last condition will involve a contradiction unless the common value of a? 
and 8 is a constant. On account of (3) this constant must be different from 
zero, and (7) shows that A(w) and w(v) must then also be non-vanishing 
constants. Thus we find that the most general transformation of form (3), 
which preserves the conditions (8), is conditioned by 


(9) = Ci; = a, = By C3; 
where C2, ¢3 are arbitrary, non-vanishing, constants. 
Making use of (2) and (8) we find the relations 


c=0, d’ = 0, =n, d=m, 


a’ = — Ny, b= —M,, 


(10) 
Muu + Myy = m(a+t+ bd’), Nun + Nyy = n(at+bd’), 


2(m,n + mn,) = ay, 2(m,n + mn,) = bi, 
between the coefficients of a system of form (1) which has the required prop- 
erties. 
We can simplify these conditions considerably. The last two equations 
of (10) imply the existence of two functions p and q, of u and v, such that 
2mn = p a=p 
= v» 
2mn = qus b’ = py; 
but this implies further p, = q., which requires the existence of a function 
r(u,v) such that 
q a = b’ = toy. 
Thus we have found the following result. The differential equations of a 
W-congruence, whose focal sheets are distinct non-degenerate and non-developable 
surfaces, and whose developables determine an isothermally conjugate system 


of curves upon both sheets of the focal surface can be written in the form (1) with 
the coefficients 


m + 0,* 


0, 


a = b= — my, c=0, d 


(11) 


a = —f,, = ¥,,, ec’ =n+0, d’ 
where m,n, and r are functions of u and v, which satisfy the relations 
Mun + Moy = M(Tuu + Tov), Nuun + Now = N(Tuu + Tov), 

(12) 


= Tuy. 


 * The conditions m + 0,n +0,c’ +0,d + 0 insure the non-degenerate and non-develop- 
able character of the focal sheets. 


{ 
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Moreover, the most general transformation of form (3), which will preserve this 
form of system (1), is conditioned by 


(9) = Ci, = C2, a, = + By C3; 


where ¢,, C2, ¢3 are arbitrary, non-vanishing, constants. 


2. DIFFERENTIAL EQUATIONS OF THE FOCAL SHEETS REFERRED TO 
THEIR ASYMPTOTIC LINES 


The differential equations of S, are found from (1) by eliminating the 
function z and its partial derivatives. If we make use of (11), we find these 
equations to be 


m, 


9 1 Muy 
(15) Yuu Yoru = Tur = Yos Yur = 2luv y + Yo- 
m m 


To find the asymptotic lines on S, we must find two independent solutions of 
(14a) mo? + dé? = 0* 


and equate them to arbitrary constants. In our case d = m + 0, so that if 
we put 

(14b) i=ut+i, 

the asymptotic lines of S, will be given by & = const. and 3 = const. If we 


introduce & and @ as independent variables into (13), we find the differential 
equations 


Yaa + 2a1yg t+ 2h ys tay 
Yee + yg + 2hiy, tery =0, 


0, 
(15) 


of S, referred to its asymptotic lines, where 


1 m; 1 m; 
bh 
2m’ 2m’ 
= —} (a — 2imn) = — 3 (rag + Tas), 
(16) 
1 m; 1 m; 
a=+=—, 
2m 2m’ 
(a+ 2imn) = —3 (ras + re), 
and where we have used the relations (12) in their new form 
(17) Me, = Nes = 2mn = i( — 


In the same way we find the equations of S, to be 


(1S) — + = 


* Brussels Paper, p. 46. rN 


Ny 1 Ny 
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Since the congruence is a W-congruence, the variables @ and @ will determine 
the asymptotic lines on S, as well as on S,. If we introduce these variabfes 
we obtain a system of differential equations for S, of the same form as (15) 
but with the coefficients: 


1 ng ng ) 
C2 = — 5 (Ta Tas)» 
(19) 
ln 1 
b, = C, = +35( — Tis)- 


3. INTRODUCTION OF PROPERTY III 


If S, is not a ruled surface, a; and b, will be different from zero, and conse- 
quently the same thing must be true of m; and m;. The asymptotic lines 
of such a surface will belong to linear complexes, if and only if 


@loga, log b 


20) = = 4a' b,,* 
dude 
that is, if and only if 

Maas Mas Mag Maz _ 

5 

mz, m 
(21) 

Mase Mae Maz _ 

mM; m 


These conditions are satisfied in the first place if 


(22 m,, = 0, m, + 0, m, +0, 
that is, if 
(23) m=U,+N;, 


where U, and V denote arbitrary functions of the single variables % and 7 
respectively. 
If mz; + 0, we may write (21) as follows: 


Mag Mz 


— 
M5 My m 
(24) 
Mazz Maz 
_-# 
Mz; mM 
whence 
mm, mm; 


where U; and V; are arbitrary functions of the single variables % and 3 re- 


an eo Sullivan, Properties of surfaces whose asymptotic curves belong to linear complexes, 
these Transactions, vol. 15 (1914), p. 175. 
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spectively, and where the notation indicates that we shall consider presently 
the functions U; and V,, whose derivatives are U; and V; respectively. From 
(25) we see that 

Vi; = Ui m,, 


and from this partial differential equation we conclude that m must be a 
function of U,; + V; alone. Thus we have 


(26) m=f(wi), w, = U,+ 
But from (26) we find 
(27) =f’ (w) Ui, m, = f'(wi)Vi, ma, = (wi) Ui Vi. 


If we substitute these values into (25), we find that f(w:) must satisfy the 
differential equation 


(28) = ff’, 


where we may assume f’ + 0, f’’ + 0, since we are considering the case 
m,,; + 0. This differential equation is easy to integrate. We find first 


(29) 2f’ = f? — a’, 


where a is an arbitrary constant, and then 


(30) = if a=0O, 
and 
(31) ( wy; ) =a if a +0, 


where c, in both cases, represents a new arbitrary constant. 

In this discussion we have assumed that S, is not a ruled surface. If S, 
is a ruled surface, at least one of the quantities m,; and m; is equal to zero. 
If m, = 0, we have b; = 0, and the curves = = const. are the generators of S,. 
In that case the condition m,; = 0 replaces the first of (21). The second 
condition (21) does not lose its significance unless m; is equal to zero also, 
but it is satisfied by m,; = 0 and may therefore be omitted. Similarly, if 
m, = 0, m; #0, (21) is replaced by m=0. If =m, =0, S, is a 
quadric, and these two conditions replace (21). Since, however, in all of 
these cases we have m,;; = 0, we may think of them as included in our original 
discussion. 

If the asymptotic lines of S, also belong to linear complexes, we find again 
three possibilities. We shall have either 


(32) n= V2 =w, 
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where U, and J’, are functions of @ and @ alone respectively, or 


(33) n= g(U2+V2) =g(we), 
where 
(34) 27 = —P 


if b is an arbitrary constant, so that 


(35) g (we) = if b=0, 
or 
1 e” 
(36) g(we) =b if b+0. 


In order to decide whether S, and S, both may have this property, it remains 
to investigate whether it is possible to satisfy the integrability conditions (17) 
with such expressions for m and n. But we shall postpone this investigation 
until we have found out the geometric significance of the distinction between 
the cases m;; = 0 and m,; + 0. 


4. DETERMINATION OF THE DIRECTRICES OF THE FOCAL SHEETS. Property IV 


The osculating linear complexes of the two asymptotic curves which meet 
at any point of a non-ruled surface are uniquely determined and have in com- 
mon a linear congruence. One of the directrices of this congruence lies in 
the tangent plane of the surface point under consideration; the other passes 
through the point itself.* These two lines are called the directrices, of the 
first and second kind respectively, of the surface point. We propose to find 
the equations of these directrices for both of the focal sheets of a congruence 
of the kind under discussion. We shall then be in a position to impose the 
further restriction upon the congruence which is expressed by property IV. 

The equations of these directrices may be taken over from the projective 
theory of surfaces, referred to a local tetrahedron of reference determined by 
the surface considered. Since we are studying two surfaces, S, and S,, and 
since the two local coérdinate systems will be quite distinct, it then remains 
to determine the relation between the two coérdinate systems. For the sake 
of symmetry and simplicity we shall introduce a third coérdinate system, 
the local coérdinate system of the congruence, and refer finally the equations 
of all four directrices to this system. 

The local coérdinate system of the congruence has y and z as two of its 
fundamental points. The other two vertices of its tetrahedron of reference 


*E. J. Wilezynski, Projective differential geometry of curved surfaces (Second Memoir), 
these Transactions, vol. 9 (1908), p.95. This paper will be quoted as Second Memoir 
hereafter. The First Memoir isin these Transactions, vol. 8 (1907). 
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are given by 


My Ny 


The points P, and P, are obtained from y and z by Laplace’s transformation. 
The local coérdinates (21, 22, v3, %) Of a point are then determined, except 
for a common factor, by the expression 


(38) 


which represents such a point. To make this a little clearer, let us remember 
that system (1) has four linearly independent solutions (y™ , 2), (4 = 


2,%,4). By substituting these solutions in (37) we find four functions p“ 


and four functions 


, Which determine two new points, P, and P,. Conse- 
quently any expression of form (38) also determines a point P,. It is the 
point determined in this way whose local coérdinates are (71, +++, a4). 


The local tetrahedron of the surface S, is determined by the four expressions 


Y, a=ythy, 


(39) 
1 = tay + (bi), + 


while that of S, is given by 


a 


(40) 
= + + a2% + (a2); + + 2ae 


We proceed to express these quantities in terms of y, z, p, anda. We find 


1 f/m, My 4 
2 = y — > 
4\ m m 2 
1 fm, Me 4 4 1 
= — —12- 
(41) 4+ \ m 2 QP» 
4 me 4 


9,,, 1 my | 
j m n p+ 5} mo 


* First Memoir, p. 248. 
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and 


l * * 


= 2n — my jy t+ foo — at > —2 Zz 
4 m 4 n n- 
n, 


1 
+-=np 
2 p 4n 
Let the coérdinates of the point (21, 22, 23, 71) when referred to the local 
system of the surface S, be called (a{?, x$?, x¥?, 2). Then we must have 
identically 
tase) = t+ aya t+ ay pit 
If we introduce the expressions (41) in the right member of this equation, and 


then equate the coefficients of y, z, p, ¢ in the two members, we obtain the 
following equations of transformation, 


1 fm m 1 fm m 
1 u . v 1 u . v ( 
4\m m 4\m m 


l Mm, log m 
“ u v ‘ 1) 
+ 4 Tuu — > + —2 


m* m 
(43) 1. (1) 1. (1) I (1) 
= — + 5 +-{ — 
2 2 4 n 
] 1 m 
W23 = — — 
2 4 m 
1 
way = 


where w, the factor of proportionality, may be chosen arbitrarily. We 
make use of this fact in writing the inverse transformation as follows: 


My 
a? = 4max, + 2— ro — 2m, 23 
m 
4 Mun + Myy Me + My Ny 
m 2m? mn ower 
(44) m m n 
1 ‘ u v v 
xy? = dir, + + — 
m m n 
° my My 
m m n 
1) 
X's => S24 


Y2 =2, 
me 6 n 
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In precisely the same way we denote by (2, xf, 2¥, x?) the coérdinates 


of the point (21, 22,23, 2), when referred to the local system of the surface S,. 


We find 
wry = 5 + Zn — Ny 


2 2 4 m 
Wt = — + —1 ry 
t\ n n n n 
(45) l ne nn, logn 
w’ = 
2 2 
and 
ry” = 2— 2 + 
n 
2 2 
4 Nun + Ne n+ ni Re _ 
“3 amily Ady 
n 2n mn 
as’ = 47,+ 2 +1 —? vs + tina, 
n n m 
Ny Ny My 
= 47,+2 — 2— — 4ina;, 
n n m 
x?) = S.rv3. 


The directrix d, of the first kind of P, has the equations 


~ l > (1 (aj 1) (1) 


ay 
and the equations of d,, the directrix of the second kind of P,, are 


b, 


both referred to the local coérdinate system of P,. Moreover we have, in 
our case, 
(ai), m (b,) m=. m. 


( 19 ) = uct t a“ 
ay m b, 


Thus the equations of d; referred to the local coérdinate system of the con- 


gruence reduce to 


My Mg; Ma; 2 
(50) =0, 2x, +- v2 + mM, —— = 0, 


* Second Memoir, p. 95. 
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and those of d; become 


Ny 
(51) +{ m,—~- — 2— Ja, = 0,7 243 + =0. 
n 


t 
Let d, and d: be the directrices of the first and second kind respectively 
of P,. The equations of d, are 
Ny Ne, Ns; 2 
(52) = 0, = ay + 2a. + —-]a,=0, 
n n,n; 
and those of d;, 
m, 
(53) 22) + Nu 2- = 0, 224 + = 0. 
Nz n 
The line d, will contain P,(0, 1,0, 0), and will contain P,(1,0, 0,0) 
if and only if 
(54) my, m,; = 0, n,n,; = 0. 


If m,; = 0, we see from (17) that n,; = 0 also, and vice versa. Therefore 
we have to consider the two cases 


Case A = 0, = 0, 
and 
Case B M, =n, = 0. 


In case A we see that d; and d; on the one hand, and ds and d; on the other 
coincide. Thus, such congruences possess property IV as well as properties 
la, Il, and III. We shall show now that case B can present itself only when 
the conditions of case A are satisfied at the same time. In case B we have 


m= U(u), n=V(v), 


where U and V are functions of u and v alone, respectively. Therefore the 
integrability conditions (12) reduce to 


(55) = U (ten + for); V" = V (tun + for); 2UV = fur. 
If run + ror = 0, these conditions give 
m= U =c,u+0, n=V=d,1+d, 
= 2(e,U +e) (dix+ do), 


where ¢, ¢o, d:, dy are arbitrary constants. From the last equation we find 
+ 
1 


(ec, u + eo)? (di v+ dy) + Vi, 


=— 
1 


Trans. Am. Math. Soc. 28 


422 E. J. WILCZYNSKI [October 
where U; and V; are functions of u and v alone respectively, and therefore 
9 d, 9 
Tuu t fo = U, + + (di v + dy)’ u+ce)? =0. 
1 1 


This equation leads to a contradiction (the equality of a function of wu alone 
with a function of v alone), unless 


U; =k- u+c)’, Vi = 


dy 
where / is an arbitrary constant. The coefficients of a system of form (1) 
corresponding to these conditions have therefore been determined, but we 
see at once that they also satisfy the conditions m,; = n,; = 0 of case A. 

Let us then assume r., + Tov + 0. The first two equations of (55) show us 
that we must have 


(56) = = Tuy + Tovs 


and this equality can subsist only if the common value of the two fractions 
is a constant, say /°. We may moreover assume /k + 0, since we have just 
discussed the case = = 0. But from 


U" =F U, 
follows 


U =e, V =d,e"" + 
where ¢, ¢2, d;, d2 are arbitrary constants. The third equation of (55) gives 


fur = 2 ( eku + C2 ) (d, ek + 
whence 
9 
ru = 7 + ey e*") (d, — dy + U, 


1? 


where again U, and J’, are functions of u and v alone respectively. Conse- 
quently we find 
Nun = e*" — co — de 
Pop = — *") (dy — dg + 
But, according to (56) we must have, in this case, 
Tun + for = 


consequently we obtain the condition 


— ce (di — dge*") + + = 
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whence, by differentiation, 


4k + e**) (dy ef — + =0, 


4k e** & ) ( d; eke + ds + J = (). 


1 
Since S, is a non-degenerate surface, c; and c. cannot both be equal to zero. 
Since, moreover, we are discussing the case i + 0, the first of these equations 
would imply that d, e*” — d, e~*” is equal to a function of u alone, a contra- 
diction unless this function reduces to a constant ). But this implies further, 
as a result of a differentiation with respect to v, that 


k (d, + d,e*") = 0, 
which is impossible unless d; and d, are both zero, contrary to our assumption 
that S, is a non-degenerate surface. 
Therefore; the only congruences which possess properties Ia, II, III, and IV, 
are those which correspond to the conditions 


5. THE REALITY PROPERTY Ib 


Let us consider a congruence with real and distinct, non-degenerate and 
non-developable focal surfaces, and real developables. Let us use a real 
coordinate system and let (y™, y, y) and 2, be the 
coérdinates of corresponding points P, and P, of the two. focal sheets, S, 
and S,. Moreover let u and v be the variables which, equated to constants, 
furnish the two families of developables of the congruence. Since these 
developables are real, it will be possible to choose u and v as real variables; 
since S, and S, are real it will be possible to choose y and z™ as real functions 
of wu and v; in fact the ratios of the y™’s and of the z’s would have to be real, 
if we use a real codrdinate system. 

Since S, and S, are the focal surfaces of the congruence, the four pairs of 


functions (y“, 2“) must satisfy two equations of the form 
Oy Oz 
apt + bz =o'2 


with real coefficients, and the real transformation 


will transform these equations into 


ai a2 
Ov 


= mz, = ny, 


= = 0. 
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where m and n will be real functions of u and v. If we replace the original 
variables, y and z, by 7 and 2, it is clear that all of the coefficients of the 
system (1) obtained in this way will be real functions of the real variables 
u and v. 

In simplifying this system of differential equations after assuming that it 
possessed properties la and Ila, we made a number of transformations of 
form (3). One of these transformations consisted in reducing ¢ and d’ to 
zero. Equations (4) show that this may be accomplished, in infinitely many 
ways, by means of real transformations. We then observed that the ratio 
d :m was of the form U (uw) (v) and made a further transformation, deter- 
mined by 


(57a) a=U, BV =1 


to reduce the value of this ratio to unity. We now observe that the more 
general transformation determined by 


(57b) a = kU, BV =k, 


where /& is any non-vanishing constant, will accomplish the same result. 
Since, moreover, the curvature of the focal surfaces is positive, the asymptotic 
lines are imaginary. According to (14a) this implies that d:m is positive 
for all values of u and v for which the ratio is defined at all; that is, the func- 
tions U (uw) and J’ (v) have the same sign at all points of either focal surface. 
If both are positive, (57a) determines a real transformation. If both are nega- 
tive we may use (57b) instead, where k is equated to — 1, furnishing a real 
transformation in this case also. 

Thus, if the congruence has the properties Ia, Ib, and II, we may always 
assume that its equations are in the canonical form which we have been using, 
with the further specification that all of its coefficients are real functions of the 
real variables u and v. 


6. FINAL FORM FOR THE DIFFERENTIAL EQUATIONS OF THE CONGRUENCE 


We proved in Article 4 that the only congruences which possess properties 
Ia, II, I1I, and IV, are those for which 


(58) m, +0, m. 0, +0, n. +0, Ma: = Nz; 
In all such cases we shall have 
(59) m= U,+ n=U.,4+ V2, 


where U, and are non-constant functions of 7, and and are non- 


constant functions of # alone. In particular, m and n are not equal to zero, 
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so that (17) shows that r also must be of the form U + J, say 


(60) r= U3; + V3. 

Finally, the last of equations (17) furnishes the relation 
(61) 2(U, + Vi) (U2 + V2) =i(U; Vz), 
or 


(61a) 2(U, V2+ U2V1) = — 2U, U2. — WY Ve. 
If we differentiate both members of this equation with respect to both a 
and @, we find 
U,V,+ U,V, =0, 
or 


4 


which would involve a contradiction if the common value of the two members 
were not a constant. We call this constant /, and note further that / must be 
different from zero, since U,;, Us, V1, V2 are non-constant functions of their 


respective arguments. Consequently we find 
(62) U2 = kU, + Ve kV, + ls , 
where k, /; , and are constants. 
If we substitute these values in (61a), we find 
(63) iU; 2kU? ly ) U, = iV; 2kV? + ) V1 =a, 
where a also must be a constant. 
We have found 


m= U,+0;, n=k(U,-Vi)+ht+h. 


Let us put 
U,=U,+e, Vi=Vi-e, 


where € is a constant. Then 
m= 
Since k is different from zero, we may choose ¢€ subject to the condition 
Qhe ly + ls = 0, 
m= 
Let us write again U,; and V, in place of U; and V,. We shall have 
m= Vi, n =k(U, Vi), k+0, 


iU; — 2kUj = iV; — 2kVi =a. 


(64) 


U;_ 
| 
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If our congruence possesses property Ib, we may, according to Article 5, 
regard wu and v as real variables and all of the coefficients, m,n,a,b,---,d'’, 
of our differential equations as real functions of u and v. In order to be able 
to draw conclusions from this remark, let us separate the functions U; and Vy 
into their real and imaginary parts, putting 


U, = Uni, = Vin t+ Viet. 


If m is real, }'y2 must be equal to — Uy. Moreover Uj. can not be equal 
to zero identically. For, from Uy = 0 would follow U, = const., since a 
function of the complex variable @ can have an identically vanishing imaginary 
component only if it reduces to a real constant. Then J’; would have to be a 
constant also. But both of these conclusions are contrary to our assumption, 
contained in Ia, that the focal surfaces are not ruled. Thus we find 


U, = Un+ Uni, = Vin — Upi, Uy +0, 
and 


n= k(Uy + 2U 321). 


Since U,, + Upi = U, is a function of @ = u + iv, we have 


(65a) (Uiu)u = (Ui2)o, (Uy). = — 
and since — Uy 7 is a function of = u — iv, 
(65d) = ( Uy Jes ( Ui )u (Vir)e- 


From these equations we obtain 


(Un — = (Un — Vin)» = 0. 
Therefore 
Un Vay =| 
must be a constant. Thus we have found 
(66) n= k(l+ 2Uy27), 


where / is a real constant. If n is a real function of u and v, the same thing 
will be true of the functions 


(67) ny, = 2(U ki, ny = 2(U x2), ki. 


Now Uj. can not be a constant; otherwise, according to (65a), Uy, would 
also be a constant, and we should strike again the excluded case m = const., 
in which one focal sheet is ruled. Since (Uj.), and (Uj), are real fune- 
tions of u and v, at least one of which is not equal to zero, and since n, and n, 
are also real functions, we conclude from (67) that / must be purely imaginary, 
so that we may write 


k = ak’, k’=0. 
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If we insert this value of & in (66) we see that / must be equal to zero in 
order that n may be real. Thus we may write 


n = tkh’'(U, k’=0, 


where U, and JV’; now indicate conjugate complex functions of & and @ respec- 
tively. 

Let us now transform our system of differential equations by the most 
general transformation of form (3) which satisfies the conditions (9). The 
new coefficients, m and n, will be given by 


m= m, n= n, 
+ C1 C3 C2 C3 
and therefore we find 
C3 C2 
+ —(Ui+ Vi) + (Ui — Vi) 
3 1 2 


We can always satisfy the condition 


=0, or (2) = 

C1 C2 
by real values of cz : ¢; since we may use the minus sign when k’ < 0 and the 
plus sign when k’ is positive. If we choose c. : ¢; in this way, m + in and 
m — in will become functions of % alone, and of 7 alone, respectively, differing 
from U, and V, only by a common real constant factor. Let us denote these 
functions by U and V , and let us again change our notation by using m and n 
in place of mand x. We shall have 


(68) m+in=U, m—-in=VJ, 
and therefore 


(69) m=%3(U+V), n =5(U- V), 


where U and V are conjugate complex functions of % and @ respectively. 
The condition (63), or what amounts to the same thing, the last equation 
of (17), reduces to 


yer 


U; +3U? = V3 =a, 
where a must be a constant, and therefore 
(70) =a —}3U?, V3; =a — 


The remaining coefficients of our system of differential equations are given 
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by (11). If we make use of (11), (69), and (70), we find the following values 


a=2a+n?— b= — e=Q, d=m, 


a’=>-n,= +m, b’ — a, =0, 
where, on account of (68) and (69), 
(72) My = Ny, My, = — Ny. 


Since a should be real, it is clear moreover that a must be a real constant. 
We proceed to show that we may assume more specifically a = 0. 

We are studying a system of differential equations of form (1) with the 
coefficients (69) and (71). Let us transform that system by putting 


(73) y= 2, z=, = 


and denote the corresponding coefficients of the resulting system by m, m, 
ete. Then we shall find 


my, =n, ny =m, 
a, = b’ = — 2a+ nj — mi, =a’ = — (m)»,, 
(71a) c, =d' =0, dj=c'’ =n, 
a,j = b = — b =a=—-aQ, 
d, =c=0, 
with the conditions 
(72a) ( N1)v, = ( m1) uy» (m1) (m1) 


The transformation (73) does not change the congruence; it merely inter- 
changes the two focal sheets and the two families of developables. The two 
svstems of coefficients (71) and (7la) exhibit the same structure, and may 
serve equally well for the purposes of studying the properties of the congruence. 
But these two systems differ in the sign of the constants which appear in 
a and a,. We agree to retain (71) if @ is positive, and to use (71a) if @ is 
negative. Thus we may assume, that a is not negative, without thereby re- 
stricting the generality of our discussion. 

The transformation of form (9) which we made was not uniquely deter- 
mined. In fact we only determined the ratio of cz to c,, and left ¢3 as well 
as ¢, arbitrary. Let us now make a new transformation of form (9), but 
put ¢; = ¢, = 1 so as not to disturb the simplifications already effected. 
We find 


m=, =, a= 3=- 
C3 C3 C3 C3 


and if we write 


(71) 
= 2a+ — m’, 
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we conclude 


If a> 0 we may therefore choose c3; as a real number, in such a way as to 
reduce a to any convenient positive value, for instance, the value 2. If @ is 
zero, @ is zero likewise. 

We have proved the following theorem. 

THeorEM. If a system of form (1) defines a congruence, which possesses the 
properties Ia, Ib, II, III, and IV, its coefficients are expressible in one of the 
two forms 


a=4+n — m’, b= —m,, c=0, d=m, 
(74) 
a’ = — MN, b’ = -a, =n, d’ 
where 
(75) M, = Be, My = — Nu, 
or else 
— b= e=Q, d=m, 
(74)’ 
b’ = -a, c =n, d’ = 


where again 


(75)’ My, = Ny, My = — Ny. 


We shall speak of these two forms as form A and form B respectively. 


7. RELATION TO THE THEORY OF FUNCTIONS OF FORM A 


The developables of the congruence, determined by a relation of the form 
w = F(z), where z and w are two complex variables on the Riemann sphere, 
are obtained by equating a and 8 to constants, where 


Vw’ dz 
(76) t=at+ip= if~ 


The differential equations of such a congruence constitute a system of form (1) 
whose coefficients are exactly of the form (74), conditioned by (75), the inde- 
pendent variables being a and @ instead of u and v. Moreover m + in, 
which must on account of (75) be a function of t = a + 78, which variable 
corresponds to the & of the present paper, is connected with the relation 
w = F(z) by the equation 


(77) m+ in = |. 


an! 


We wish to show that conversely, when m + in is given as any analytic 


* Line geometric representations, p. 285. 


C3 
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function of t, w can be determined as a function of z so as to satisfy this equa- 
tion; moreover we shall investigate what analytical processes are actually 
required for this purpose, and to what extent the function w = F(z) is 
actually determined. 

In equations (76) and (77), w’ and w”’ indicate first and second order deriva- 
tives with respect toz. Let m + in be given as a function of t = a + iB, say 


(78) m+in = $(t), 


and let us denote by w,, we, ws first, second, and third order derivatives of w 
with respect tot. We find, making use of (76), 


i Vw’ dz 2z-w (z—w) 
w’ = —= — = — 
@ , dt 1 Vw’ 
and therefore 
(79) Ww = = 
(z — w)? 
We find further 
dz 
(30) —= 2 — 
w z—-w/z—w 
2 To 2 
(z z—w w 
and consequently 
— 2w We 
(S1) 1+w = 
2 w (z—-w) 
so that (77) and (78) give 
(82a) —-+ —=i(m+in) = i¢(t), 
wy 
or 
We 2 id (t) 


Let us differentiate both members of (82b) with respect tot. We find 


Ws ws 2 | (z-—w) | ip’ (t) ib(t)we 


or 
we : We 
Wy + (z — w)* ( ) ( 


Into this equation let us substitute for z — w, the value obtained for it from 
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(82). We find finally 

] 
(333) — = {w,t} = 19’ (t) +5¢(t)? — 2, 


a Schwarzian differential equation for w as function of t. This equation being 
integrated, we find from (82), 


(84) 


an equation enabling us to determine z as a function of t without any further inte- 
gration. The relation w = F(z) must then be found by eliminating t. 

Of course the essential part of the integration of (83) consists in integrating 
»/w, to which (83) reduces. 


the Riccati equation for n = w 
It is well known that, if w is a particular solution of (83), the most general 
solution will be 
aw + B 


(85a) w= ab — By + 0, 


where a, 8, y, 6 are arbitrary constants. Of course we have the relation 


2 ait ip (t) _ We 


Wy 
corresponding to (84). If we substitute for @ the value just found, we find 


az 
(85b) 
yz + 6 
Moreover, it is not difficult to verify directly that @ and 2 as given by (85a) 
and (85b) will satisfy the equation m + in = $(t) if w and z do. In other 
words, the right member of (77) is a differential invariant of the three-parameter 
group 


(85) az + B aw B 


yz + 6’ 0 yw + 8’ 


n 
ll 


which moreover preserves its form when the variables z and w are interchanged. 
The integral t , given by (76) ts an integral invariant belonging to the same group. 

This symmetry leads us to conclude that z should satisfy a Schwarzian 
equation similar to (83). In fact we have 


= —(z—-—w)?’, 


and therefore, if we make use of (82a), 


2 Wo 
1 l 
29 221 
— = — ip(t) + - 
«1 7 = 
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whence, by another differentiation and simple reductions, 
(86) {z,t} = — ip’(t) — 2. 


Thus we see that the integration of either of the two Schwarzian equations 
(83) or (86) carries with it the integration of the other. 

Our principal result may be formulated as follows: To every system of 
differential equations of form (1), whose coefficients satisfy the relations (74) 
and (75), corresponds a family of analytic functions depending upon three arbi- 
trary complex constants. If w = F(z) is one of these, the most general function 
of the family will be defined by 


aw +p (= +f) 


(87) ywoto yz + 6 


Since the congruences which correspond to the ~* functions of such a family 
belong to the same system of form (1), these congruences are projectively equivalent. 
They may all be obtained from any one of them by means of the projective trans- 
formations of the six-parameter group which leaves the Riemann sphere invariant, 
the three complex parameters being equivalent to six real parameters. 

Of course all of these congruences have the properties Va and Vb as well 
as those which have been mentioned heretofore. The corresponding system 
of differential equations, however, is satisfied also by other congruences, 
projectively equivalent to those mentioned, whose directrix quadrics do not 
coincide with the Riemann sphere, and to these there do not correspond any 
analytic functions. 

To complete the proof that our list of properties is characteristic of the 
class of congruences defined in this way by non-linear functional relations, 
it remains to show that a system whose coefficients satisfy relations (74)’ 
and (75)’ which, as we have seen, can not be reduced to the form characterized 
by (74) and (75), is excluded by property Va. We shall show that such con- 
gruences correspond to the case of degenerate directrix quadrics. 


8. DISCUSSION OF FORM B 


For a large part of this discussion it will be advisable to consider forms A 
and B together, by writing 


a = 2k + n? — m?, b= — m,, c=0, d=, 
(SS) a’ = — Ny, b’ = -a, c=n, d’ =(Q, 
My, = Ny, My = — Ny. 


Form A corresponds to k = 2, and Form B tok = 0. 
As in Article 4, we consider three local codrdinate systems, those determined 
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by the two focal surfaces, and that of the congruence. The transformation 
equations (44) and (46) may now be simplified slightly by making use of the 
relations 
(89) Muu + My = Nun + Nv = O, Tun = 2k — m? + n’*, Too = — Tun 
which were not presupposed in Article 4. 
The equation of the osculating quadric Q, of S,, at the point of S, which 
corresponds to the values u and v of the parameters, is 
when referred to the local coérdinate system of S,. The osculating quadric 
(). of S, at the corresponding point of S., is given by 
9 9 , 
2?) — 2?) 4 2a) bo = 0. 
We refer both of these quadrics to the local coérdinate system of the con- 
gruence. We find the following equations; for Q,: 
n 


(90a) 

— 2mx; — 2 + 2n,23%, = 0, 
u 


and for Q. 


— 
(2 — m+n? — ) 
(90D) 
My 
21 — x3 + 2m, 2345 = 0. 
n 


These equations may also be written as follows: 


+ (a3 — vi) + (2k + 


9 
My Ny 
— 2n{ —— ay 23 
m n 


— n? (x3 — vi) — (2k — = 0. 


(91) 


According to our general theory, these quadrics must intersect in four straight 
lines (at least in the case k = 2), namely in the four generators of the directrix 
quadric which correspond to the line of the congruence under consideration. 
We wish to confirm this fact, and besides find the actual equations of these 
four lines of intersection. For this purpose we replace the quadrics Q, and Q., 


* Second Memoir, p. 82. 


Q Ny ) Mu 
n m 
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by the quadrics Q, + Q, and Q. — Q, of their pencil. We find 


9 9 
Mu Ny 


m 


+ 2(m — — k) (a3 — 23) = 0, 


My Ny 
= (2 + mas ) + nz) 
— 2k (a3 + 27) 


(92) 


Let us put 


My Ny 
(93) mr, = Xo + — 


m 
Then 
Q. + Q, = (a — 2ma;)? + (22 — 2nz3)* 
(94) + 2(m? — — k) (aj xi) = 0, 
Q. — Q, = (a1)? — (a2)? — 2k (a3 + a7) = 0. 
We find that these quadrics have indeed four lines of intersection, namely 
the two lines 
(95a) ai — = 2d, (2x3 + x (a3 — (r =1,2), 


where \, and d2 are the two roots of the quadratic 


l 
(95b) = —(n+mi), 


and the two lines 


ll 
bo 
~ 

~ 


(95ce) — = (a3 — ia), tx =—(x3 + 2x4) (7 
Mr 

where and pp» are roots of 

(95d) ku -5- = —n+mi. 

2u 
These formule become indeterminate in the case k = 0, which interests 


us primarily. The formule for that case however are much simpler. We 


have 
+ Q, = (2; — + (x; — 2nx3)? + 2(m? — n?) (a5 — avi) = 0, 
Q: — Q, = (ai)? — (a3) = 0, 


and obtain the following equations for the four lines of intersection: 


x22 —(n —im)a3 — (m+in)a =0, =0, 


— (n +im)a3 — (m — in)ay = 0, 2, 
(96) 


(ls) — (n — + (m+ in)as = 0, 21+2,=0, 
(n + im)a3 + (m — in)a = 0, 2,+2,=0. 


x. 
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The lines /; and /, are in the plane 7, whose equation is 


while /; and /; are in the plane 72, whose equation is 


My Ny 
tas + (m— Jay =0. 
m n 


We shall prove that these two planes, 7; and 72, do not vary with wu and v, 
and that, consequently, the four lines /;, --- , 4,, associated in this way with 


(97b) 22 


every line of the congruence, remain in two fixed planes when wu and v vary 
over their ranges. 

The coérdinates of the point of intersection of /; and /, may be found from 
(96) and (93). Thus we find the expression 


My; Re 
(98a) a=n ) y+m (m ) z+np + mo 


for this point, the coefficients of y, z, p, and o being proportional to the 
coérdinates of the point. The expressions 


(98b) B 


Ny 
ny +(m +in+ ): +o, 
My 
(98c) y=(n+im y +imz+ p, 
represent two other points of the plane 7,, one being on /; and one on /2, 
both different from a. These three points are therefore not collinear and we 


may think of 7; as being determined by these three points. 


We find 


My, 


a, = (2nn, +n, —+r + mn, + y 


(2mm, + — nm, + mn, + mn ) Zz 
rare 
(99) + (n?+n,)p + (m + mn)o, 
m 
ay = (2nn. + ny ~~ + mn? — mn, + nm, ) 7] 


+{ 2mm, + m, + nm, + m- +m’ }z 


+ (n, + mn)p + (m, + m’)o, 
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By = (in, + an = + mn + in? + ny + (m, + in, + mn)z+ inp, 


My, 


B ( : my 


nN, 
+ (inn +m, + 2iny, + m + m — 


| 


(99) +np+(m+in)e, 
= + +n + umn + n* — m ) 7] 


Ny 
(im, — my, +m z+(n+im)p+me, 
(ny + im, + mn) y 


+ + im, + im — + mn + in* ) z+ime. 
n 


Each of these expressions represents a point whose local coérdinates x1, x2, 
23, are proportional to the coefficients of y,z, p, anda. If these coérdi- 
nates are substituted in (97a), we find that this equation is satisfied by all 
of them. Consequently for all possible variations of u and v, the three points 
a, 8, y remain in a fixed plane; in other words the plane 7 is a fixed plane. 
The same thing may be proved in the same fashion of the plane 7.2. 

In the general case (k > 0), the locus described by the four lines /,, «++ , /s 
is a quadric, the directrix quadric. Thus it appears that the case k = 0 
corresponds to the case of a degenerate directrix quadric. But we have not 
yet proved this in conclusive fashion. For, while we know that the four 
lines of intersection of the osculating quadrics Q, and Q, are at the same time 
generators of the directrix quadric when k > 0, we have not actually shown 
this to be the case also when k = 0. 

To supply this proof we might use the method of limits. More directly 
we may argue as follows. The lines /,, l2, /;, 1, were defined as the lines 
common to Q, and Q. , the osculating quadrics of S, and S, at two corresponding 
points, P, and P,. These lines form a skew quadrilateral. Let R, be an 
osculating ruled surface of S,, made up of the asymptotic tangents (of the 
first kind) of S, along the fixed asymptotic curve of the second kind which 
passes through P,. The generator g of R, which passes through P, will be a 
generator of Q, also, of the same kind as /,; and /;, for example. Let P, move 
along the asymptotic curve of the second kind, the curve of contact between 
R, and S,. Then /; and /2 can move only in 7, and /; and & only in ze. 


The lines /2 and /; intersect g and are asymptotic tangents of the ruled surface 
R,. Since /; can move only in 7, if it moves at all, it will have an envelope 
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which would be a plane asymptotic curve of R,. But a plane curve can be 
an asymptotic curve only when it reduces to a straight line. Therefore /., 
and similarly J, will have to remain fixed. In other words, /, and /; will be 
the straight directrices of the ruled surface R,. Similarly we prove /; and /; 
to be the remaining two directrices. 

Finally this fact may be proved analytically as well, by setting up the 
differential equations of the osculating ruled surfaces and determining the 
fleenode tangents of these surfaces; but we shall refrain from any further 
discussion of this question, as we have now accomplished the main purpose 
of this paper. We have seen that form B corresponds to the case of a degen- 
erate directrix quadric, and is therefore excluded by property Va. 

Thus, properties la, Ib, II, III, IV, Va, and Vb are characteristic of the 
class of congruences defined by a functional relation between two complex variables 
on the same sphere, provided that this relation be non-linear. 

Incidentally it will be noted that a large part of property Va is a conse- 
quence of the properties which precede. It is merely the non-degeneracy of 
the directrix quadrice which requires specific formulation. 


9. THE CASE OF A LINEAR FUNCTION 


If the relation between w and z is bilinear, the properties of the corresponding 
congruence are, in some respects, essentially different from those which hold 
in the general case. In the extremely special case when this relation reduces 
to z = const., or w = const., the congruence evidently reduces to a bundle 
of lines. In all other cases we may write 


(100) o= abd — By = 1, 


and we may choose the ambiguous symbol Ww’ in such a way as to make 
(101) Vu" = —— 


If the bilinear relation reduces to w = z, the congruence becomes completely 
indeterminate, and may be thought of as being replaced by the complex of 
tangents of the Riemann sphere. Let us exclude this case also; the differ- 
ential equations, as determined for the general case, remain valid whenever the 
bilinear relation between z and w does not reduce to 


z = const., w = const., or w=. 
Trans. Am. Math. Soc. 29 


= 
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The coefficients, given by 


1 
m= bo), n = — x(a — ao + — bo), 
9 
b=0, c=0, d=m, 
a’ =0, bb=-a, c=n, 


are all real constants. 

Consequently both focal sheets are ruled surfaces and more specifically 
quadrics, since both families of asymptotic lines upon each of them will be 
composed of straight lines. Moreover, either or both of the focal sheets 
may degenerate into straight lines, since either m or n, or both m and n may 
vanish. The congruence will be a W-congruence, as in the general case, and 
its developables will still determine isothermally conjugate systems of curves 
on the focal sheets, except in the cases when these sheets degenerate. The 
focal quadrics or lines will be real, as in the general case, and whenever non- 
degenerate, the focal quadrics will be surfaces of positive curvature. 

The asymptotic lines of the focal surfaces, being straight, of course belong 
to linear complexes. But a straight line belongs to infinitely many linear 
complexes, and consequently the directrices mentioned in property IV become 
indeterminate. A similar situation arises in connection with the directrix 
quadric. Thus while, in the case of a linear function, only slight modifications 
are required for properties la, Ib, II, and III, properties IV and V become 
meaningless, and must either be replaced by others or else omitted. 

Let a and b be the two roots, assumed to be distinct, of the quadratic equa- 
tion 


(103) — (a-—5)z2+8=0, 
obtained by equating w toz. Then we may replace (100) by 


(104) 


w—b z— b’ 


K +0, K +1. 


We have seen in Article 7 that the projective properties of the congruence 
are not altered if we replace w and z by linear functions of w and z with the 
same constant coefficients. We may therefore study, in place of (104), the 
far simpler relation 

(105) w= Kz, 


without any essential loss of generality. We shall prefer to write 


(106) w=k 2, 


rather than (105), & being one of the two square roots of K determined in 
any way that may be convenient. 
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We determine the ambiguous symbol vw’ by the equation 
Ww’ =k, 
and Vw, by the relation 
Vw’ = Vw’ wy = > 0, 
obtaining 


(107) m+in=-— +- }, m— in = —{ ko + -). 
k ko 


By making use of the general formulz* we find the cartesian equations 


kko +1\?_., 
(108) 
and 

(109) 


for the focal quadries. It is evident that (108) will, in general, be an ellipsoid, 
and (109) a hyperboloid of two sheets. If we put 


(110) k = ky ko 1, ko = ko i, 
we may write 


for the focal ellipsoid, and 


_ 1) 


(112) 


(P+ 
for the focal hyperboloid. Both are surfaces of revolution, with the ¢-axis 
as axis; they touch each other and the Riemann sphere at the points (0, 0, 
+1). 

Let r be the radius of the circular intersection of (111) with the £y-plane. 
Then 


(113) r 7 


and since 


we find 

(114) <i, 

except in the case k; = 1, k2 = 0 in which #* = 1, and which we have excluded 
from consideration. Thus the focal ellipsoid lies entirely inside of the Riemann 


* Line-geometric representations, p. 285, equations (51). In this connection we wish to 
call attention to an error which occurs on this page. The two foci of a line coincide not only 
in the cases mentioned, but also whenever z = F(z). 


ki + kp +1)’ 
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sphere, touching it at the points (0,0, +1). It reduces to the segment 
on the ¢-axis between these two points, if /; = 0, that is, if A = /° is a nega- 
tive real number, and can degenerate in no other way. 

The &¢-plane intersects the hyperboloid of revolution (112) in a hyperbola 
whose semi-transverse axis is equal to unity. Its semi-conjugate axis is 


equal to 


(115) $= 55 . 
If ki + kl = 1, ke + 0, the hyperboloid reduces to the pair of parallel planes 
¢ = +1, and may be replaced in its réle as a focal sheet by their infinitely 
distant line of intersection. This corresponds to the case |A| = 1, K +1, 


of a non-identical elliptic substitution which represents a rotation of the 
sphere around the ¢-axis. 
Ifk, = 0, + 1,the hyperboloid reduces to 


? +7 =0, 


or more properly to that (projective) segment of the ¢-axis exterior to the sphere. 
In this case the substitution is hyperbolic, A being real and positive but differ- 
ent from unity. 

If ky = 0, k> = 1, both focal quadries degenerate. In this case K = — 1, 
and the relation w = — z represents a rotation of the sphere through 180°. 

The developables of the congruence are obtained by equating to constants 
the variables a and 8, defined by 

(115) t=a+ip=i | —=—,, 
Jz—-w 1-F 

Consequently the images of these developables form, in general, an isothermal 
orthogonal system of logarithmic spirals in the plane ¢ = 0, or a similar 
system of loxodromes on the sphere. Only in the special cases already enum- 
erated, when ik/(1 — /*) reduces to a real or a purely imaginary constant, 
do these loxodromes reduce to circles. 

If the two united points of the transformation (100) coincide, so that (103) 
has coincident roots, the transformation may be reduced to the form 


w=2+l. 


But we may simplify this further, replacing z and w by kz and kw simul- 
taneously, and then equating /& to a real multiple of /. We shall choose the 
canonical form 

(116) w=2+2. 


We find in this way a focal ellipsoid 


(117) 2(2 +77) +4(¢ -—4) =1, 
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with center at (0, 0, 3), and semi-axes 1/2, 1/ V2, 1/2, touching the 
Riemann-sphere at (0, 0, 1), and passing through the origin. The second 
sheet of the focal surface is given by 


(118) 0, 


the straight line parallel to the é-axis through the point (0,0, 1). In this 
vase, of a parabolic transformation, we find 


—1 


(119) 52. 


Consequently the developables correspond to the lines parallel to the &- and 
n-axes of the &y-plane, and to the corresponding system of circles on the 
sphere. 

We may summarize this discussion as follows: 

If z and w are connected by a bilinear relation, which does not reduce to one 
of the exceptional forms 


z = const., w = const., or Z= Ww 


the corresponding congruence may be transformed into one of the following six 
types, by means of a collineation which leaves the Riemann sphere invariant. 

A. If the relation between z and w, interpreted as a transformation, is loxo- 
dromic, excepting the case when the multiplier K is real and negative, the focal 
surfaces consist of an ellipsoid and a two-sheeted hyperboloid of revolution, their 
common axis of revolution being a diameter of the Riemann sphere and their 
common center the center of the sphere. The focal ellipsoid les entirely inside, 
and the focal hyperboloid entirely outside of the sphere. The two focal quadrics 
touch each other and the Riemann sphere at the two points in which their common 
axis pierces the sphere. 

B. If the multiplier K is a negative real number, different from — 1, the focal 
ellipsoid degenerates into that segment of the axis which lies inside of the sphere, 
while the focal hyperboloid remains proper. 

C. If the multiplier K is equal to — 1, the focal ellipsoid degenerates as in B; 
the focal hyperboloid reduces to a pair of planes, perpendicular to the axis at the 
end points of the segment into which the focal ellipsoid has degenerated, and may 
be replaced as a focal locus by the infinitely distant line of intersection of the two 


planes. 
D. If the transformation is elliptic, that is if |K\| = 1, the focal ellipsoid 
remains proper, except in the case K = — 1 mentioned under C; but the focal 


hyperboloid may be replaced by the infinitely distant line of the planes perpen- 
dicular to the axis. 


IE. If the transformation is hyperbolic, that is if K is real and positive, but 
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different from unity, the focal ellipsoid remains proper, but the focal hyperboloid 
reduces to that portion of the axis which lies outside of the sphere. 

F. If the transformation is parabolic, the focal ellipsoid touches the sphere at 
one point only, and the second focal sheet consists of a straight line, tangent to 


the sphere and the focal ellipsoid at their point of contact. 


10. CONGRUENCES WHICH POSSESS PROPERTIES I, II, III, ExcEPT THAT ONE 
OR BOTH FOCAL SHEETS MAY BE RULED 


In order that we may see the contents of Article 9 in proper perspective, 
we discuss some closely related, but slightly more general problems. 

Let us modify property Ia, by admitting that S, may be a non-degenerate, 
and non-developable ruled surface, but retain properties II and III. Then 
we may still study our congruence by means of a system of form (1), whose 
coefficients satisfy the relations (11) and (12). We shall have besides 


(120) m+0, andeither =0 or m, =0, or m, =m, = 0. 


In all such cases we shall have, from (17), 


as in the case of non-ruled focal sheets. 

Let us consider the case 
(121) m, = 0, m, + 0, 
in which 


(122) m=J,(3), n= + V2(%), r= U3;(a%) + V3(@). 


Then S, is a ruled surface, not a quadric, and the generators of S, are obtained 
by equating 7 to constants. The three conditions (17) reduce to 


(123) Ve) =i(U, -—V,). 


If we differentiate both members of this equation with respect to both 


i and 7, we find 


and therefore U, = 0, since we are discussing the case m; + 0. Therefore we 
must have nz = 0. Thus S, must also be a ruled surface, and its generators 
correspond to those of S,. Such congruences actually exist. They corre- 


spond to the functions 


(124) m=V,(2Z), n= J.(3), r= U3;(a%) + 
where 
(125) U, =k, Ve =k —2V,V2, 


3 3 


k being an arbitrary constant. We have found the following result: If a 


\ 
= = Tas = VU, 
Vy, U, =0, 
| 
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W-congruence, with distinct focal sheets, has a non-degenerate and non-developable 
ruled surface, not a quadric, as one of its focal sheets, and if the developables of 
the congruence determine an isothermally conjugate system of curves on that sheet, 
the second focal sheet will also be ruled, and the lines of the congruence will make 
the generators of the two focal sheets correspond. 

In drawing this conclusion we have made no use of property Ib, which 
demands not only that the focal sheets shall be real, but also that each of 
them shall have a positive measure of curvature. Whenever a congruence 
possesses this property, we may assume, according to Article 6, that the 
variables wu and v and all of the coefficients of the corresponding system of 
differential equations are real. In particular we may, therefore, assume that 


m= = Vi (u — wv) 


is real for all real values of uandv. But this function of the complex variable 
u — w can have an identically vanishing imaginary part only if it reduces to a 
real constant, and in that case S, will have to be a quadric, a result which is 
quite evident geometrically. Unless this quadric degenerates, we have 
m +0, and 

n= U.(%) + V2(%), 


where n also must be real. We may therefore assume U2(i) and V2(7) 
to be conjugate complex functions of the conjugate complex variables wu + iv 
and u — iv. 

If now we assume that S, also is a real ruled surface of positive curvature, 
it also must be a quadric, and n also must be a real constant. According to 
(11) and (12), we have in this case 


= b=0, c=0, d=m, m+0, 
a’ =0, b’ = for, d’=0, n+0, 
where 
Tuu + = 0, = 2mn 
The last two conditions give 
Tu = k, = — k, 


where / is a constant, which we may assume to be real in accordance with 
Article 6. Thus we find 


a=k, b=0, c 


0, d=m, m+0, 
(126) 


a’ = b’ = —k, c’ =n, d’=0, 


where m,n, and k are real constants. 
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This system has the same form as (102), except that in the latter system 
we have the relation 


a+ m — = 4, 
which is not demanded by (126). Let us, however, make a transformation 
of form (3) restricted by (9). We obtain a new set of coefficients m, 7, ete., 


also constants, where 


nm = m, n=——n, G=-3, 
+ C1 C3 C2 C3 C3 
so that 
m? +- ad? — n? 
—, 
C3 C3 
where we have put 
Co 
A=-. 
C1 


If a is positive, a + m®? — n? will be positive if \ be chosen as a real number 
sufficiently great, and this will be so even if m is equal to zero. Therefore 
we may, in this case, select \ and ¢3 as real numbers so as to make @ + m? — n? 
equal to 4. If a is negative, we may change our notation, replacing y, z, 
u, vin order by.z, y,v, u. This is equivalent to an interchange of m and n, 
and a and b’. Since b’ will, in this case, be positive we see that the same 
reduction may be accomplished in this case also. If a = 0, m + 0, the same 
conclusion follows. If a = m = 0, n + 0, this transformation still remains 
possible, if we combine it with the operation of permuting y and z, and u 
and v, resulting in an interchange of m with n. Only in the case a = m 
= n = 0 does this reduction become impossible. It is easy to see that, in 
this last case, the congruence reduces to a linear congruence with real focal 
lines, real lines of the congruence passing through every point of each focal 
line. In contrast with this, we might speak of case C of Article 9 as an incom- 
plete linear congruence, since in case C one of the focal loci is not a complete 
line, but merely a segment of the line. 

If now we discuss all possible systems of form (126), subject merely to the 
restriction that m,n, and a shall not, all three, be equal to zero, but dropping 
all other restrictions as to the vanishing of these quantities, we obtain again 
congruences of the six types of Article 9. Consequently these congruences 
may be regarded as arising from properties Ia, Ib, II, and III by a mere modi- 
fication of property Ia, namely by permitting the focal sheets to be ruled. 

The congruences which correspond to a system of form (1) with constant 
coefficients, such as (126), have been studied before, without imposing any 
restrictions as to the reality of the coefficients. If m +0, n +0, every 


congruence corresponding to such a system has the following properties: 
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it belongs to a linear complex, all of the congruences derived from it by Laplace 
transformations also belong to linear complexes and are, besides, projectively 
equivalent to each other. These properties are, moreover, characteristic of 
such systems, and imply that the focal sheets are quadrics which have a skew 
quadrilateral in common.* Clearly, in the case of type A, this quadrilateral 
is composed of four imaginary generators of the Riemann sphere. 
Tue UNIVERSITY OF CHICAGO, 
February 29, 1920. 


* Brussels Paper, p. 77. 


ON THE EQUILIBRIUM OF A FLUID MASS AT REST* 


BY 
JAMES W. ALEXANDER 


1. The following question was brought up a considerable time ago by 
both Liapounofff and Poincaré,{ but has apparently not been answered up 
to the present: 

“Consider a homogeneous incompressible fluid whose particles attract one 
another according to Newton’s law and which is acted on by no external 
forces. Then, are there any positions of equilibrium for the fluid besides the 
sphere?” 

It will be shown that there are no such positions, whether of stable or un- 
stable equilibrium. 

2. A necessary condition for equilibrium will be obtained by examining 
an approximating figure made up of elementary parallelepipeds, or parallel 
rods. The rods will be treated as rigid and free to move in the direction of 
their lengths only, so that perpendicular distances between them remain 
unchanged. They will be so chosen that whenever two collinear rods are 
moved into contact with one another their ends will fit together exactly and 
the rods will become merged into one. 

If the approximating system consists of two rods only, it can be seen by 
inspection that its potential energy diminishes continuously as the centers 
of the rods approach one another. Equilibrium can, therefore, only occur 
if the rods are touching end to end or if they are symmetrical about a perpen- 
dicular line through their centers. 

If there are more than two rods, the potential energy of the approximating 
system is equal to the sum of the potential energies of all sub-systems con- 
sisting of two rods only. Suppose the rods are set in motion in such a way 
that the center of each rod approaches a fixed perpendicular plane, 7, with a 
velocity equal to its instantaneous absolute distance from 7. Then, as the 
system moves, the distance between the centers of two rods never increases, 
while, on the contrary, it decreases whenever the centers are at unequal 
distances from 7. 

* Presented to the Society, February 28, 1920. 

+ Liapounoff, Sur le corps du potentiel maximum, Communications de la So- 
ciété Mathématique de Kharkow (1887), pp. 63-73. 

t Poincaré, Sur un théoreme de M. Liapounoff relatif a V équilibre d’une masse fluide, C o m p - 
tes Rendus,, vol. 104 (1887), p. 622. 
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The rate-loss of potential energy, — dW/dt, changes abruptly whenever 
two collinear rods merge into one, since the rods undergo a sudden change of 
velocity at that instant. The value of — dW /dt stays greater than zero, 
however, so long as two rods are collinear without touching and so long as the 
system is not symmetrical about a plane through its center of mass and 
parallel to r. Under either of these conditions, therefore, the approximating 
system can not be in equilibrium. 

3. The problem for the fluid mass itself can now be solved by an obvious 
passage to the limit if we impose upon the boundary the restrictions that are 
usually assumed in a discussion of this kind. As we wish to handle the 
perfectly general case, however, we merely observe at this point that the 
limiting process is obvious provided the fluid is convex. Therefore, since 
the orientation of the rods of the approximating systems does not affect the 
argument in any way, we have the 

THEOREM. A convex figure of equilibrium is symmetrical about every plane 
through its center of mass and is therefore bounded by a sphere. 

It remains to be shown that a figure which is not convex cannot be one 
of equilibrium. 

4. Although a perfectly general boundary will be permitted, spurious 
“boundaries” either wholly within or wholly without the fluid are to be 
excluded. We therefore assume: that every interior point is within a sphere 
which encloses interior points only; that every exterior point is within a 
sphere which encloses exterior points only; that within every sphere about a 
boundary point there are both interior and exterior points. We shall also 
assume that there is an upper bound, L, to the distance between two interior 
points. 

Under the above assumptions, we must be prepared to meet the case where 
the boundary of the fluid is a set of points of measure greater than zero, so 
that the volume depends on whether we decide to count in or leave out the 
boundary points.* Let us agree to define the volume, 7’, as the measure 
of the interior points only. The potential energy will then be the Lebesgue 
integral 

y k drdr’ 
7’) 


extended over the interior points, where k is the gravitational constant and 
R(7r, 7’), the ultimate distance between the elements dr and dr’. If space 
be cut up into cubes by means of three systems of parallel planes, the sum of 
the volumes of the cubes that are wholly within the fluid approaches the 
limit 7 as the distance between parallel planes approaches zero. Moreover, 


*For the analogous case in two dimensions, cf. Osgood, A Jordan curve of positive area, 
these Transactions, vol. 4 (1903), pp. 107-112. 
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the potential energy of the system composed of interior cubes approaches 
the limit W’. 

5. Since the fluid is not convex, a segment PQP’ can always be found such 
that P and P’ are both within the fluid while Q is without it or on the boundary. 
Moreover, we can always arrange to make Q an outside point by displacing 
the segment PQP’ a bit, if necessary. 

Let us approximate the fluid figure, which we shall call F', by a sequence 
of figures, F,, Fs, Fs, --- made up of rods parallel to the segment PQP’, 
such that P and P’ are interior points of F, and that every figure F; is contained 
within all subsequent figures of the series and in F. Then, to be sure, a 
plane m perpendicular to PQP’ can be chosen with reference to which the 
figures F; can be set in motion in the manner described in § 2. Furthermore 
a perfectly unambiguous limiting motion can be determined by allowing 7 to 
increase indefinitely. Unfortunately, the limiting motion so changes the 
internal structure of the fluid by transforming interior points into boundary 
points and vice versa, that we cannot be sure among other things that the 
volume remains constant. We therefore proceed in a more roundabout way. 

About the points Q, P, and P’ we draw spheres of radii /, 1/3, and 1/3 
respectively, where / is so small that the sphere about Q is exterior to the 
fluid F , while the spheres about P and P’ are interior to the first approximating 
figure F,. We can then obtain a lower bound for the rate-loss of potential 
energy of the figure F; when set in motion in the way described above, such 
that this lower bound depends on / and L (§ 4) alone and not on 7. 

Let us choose the plane 7 perpendicular to PQP’ and through the center of 
mass of F. Then consider what happens as the motion begins. The spheres 
about P and P’ have between them a gap of exterior points interior to the 
sphere about Q and of width at least /. Consequently, they approach one 
another with a velocity greater than/. Moreover their mutual attraction is 
at least /( 7°/L*), where T is the volume of each. 

Therefore, if the potential energy of F; be W;, we have at the start of a 
motion 

dw; T° 


>, where o=k 


while during an interval of time ¢ depending on / and L but not on 7, we have 


dw, 
dt 
Suppose now, we expand the figures /; to the volume of F by similarity 
transformations which preserve directions and leave fixed the center of mass 


of F. We then obtain a second sequence of approximating figures F; of the 
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same volume as F. Moreover, when the figures F; are set in notion in the 
same way as the figures F;, we have from (1) 
dw - 
(2) >¢/2, t>t>0 
dt 
a fortiori. 
Let us denote by ¢; the maximum displacement undergone by any point 
of the figure F; after a motion lasting a time ¢. Then we have 
= de;, 
and therefore, 
dw; - 
de; ~ 2L 
Furthermore, if AW; be the total change in potential energy of the figure F; 
after motion lasting a time ¢ and if As; be the maximum distance from a point 
on the interior or boundary of the displaced figure to the nearest point on the 
interior or boundary of the figure in its original position, we have 
a 
AW; = | dW, and As; = | de; . 
Therefore 
AW: 


) As, 


Now, let AW’; be the difference between the potential energy of the displaced 
figure /’; at a time ¢ and the potential energy of the fluid F, and let As; be the 
maximum distance from a point on the interior or boundary of the displaced 
F; and the nearest point on the interior or boundary of F. Then, if we hold t 
fixed, we have 


E 
(4) lim --— = () 


i=n As; As; 
since the undisplaced figure F; tends towards the figure F in the limit. There- 
fore by (3) and (4), we can find, corresponding to any ¢, a value of i such that 


Finally, let ¢ run through a decreasing sequence of values with zero as 

limit. Then, corresponding to each value of t, we can find a displaced figure 
5 : 

F; such that the relation (5) holds. These displaced figures evidently ap- 
g 

proach F as limit, since 7 increases and the time of displacement decreases 

towards zero. Therefore, in view of (5), the figure F is not in equilibrium. 

Hence: 


The sphere is the only figure of equilibrium. 


AW; 

(9) 
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6. Before leaving this matter, let us say one word about the more general 
problem, where the fluid mass is rotating about an axis through its center of 
gravity. The methods used in this paper show us at once that the fluid 
cannot be in equilibrium unless symmetrical about a plane perpendicular to 
the axis of rotation and unless a line parallel to this axis cuts the fluid in at 


most one segment. 
New York, 
January, 1919. 


CONCERNING APPROACHABILITY OF SIMPLE CLOSED AND GPEN 
CURVES* 
JOHN ROBERT KLINE 


Schoenfliest was the first to formulate the converse of the fundamental 
theorem of C. Jordant that a simple closed curve§ lying wholly within a 
plane decomposes the plane into an inside and an outside region. The state- 
ment of this converse theorem is as follows: Suppose K is a closed, bounded 
set of points lying in a plane S and that S — K = 8; + So, where 8; and S» 
are point-sets such that (1) every two points of S; (i = 1, 2) can be joined by an 
arc lying entirely in S; (2) every are joining a point of S; to a point of S2 contains 
at least one point of K (3) if O is a point of K and P is a point not belonging to K , 
then P can be joined to O by an arc that has no point except O in common with K . 
Every point-set that satisfies these conditions is a simple closed curve. Schoenflies 
used metrical hypotheses in his proof. Lennes gave a proof of this converse 
theorem using straight lines.|| R.L. Moore pointed out that a proof similar 

in large part to that of Lennes can be carried through with the use of ares 
and closed curves on the basis of his system of postulates 23, thus furnishing a 
non-metrical proof of the converse theorem. { 

In all these proofs the condition numbered three, the condition of approach- 
ability (erreichbarkeit) plays a fundamental réle. It is the purpose of the 
present paper to study the effect of substituting for the condition of approach- 

* Presented to the Society, April, 1918. 

+ Cf. A. Schoenflies, Ueber einen grundlegenden Satz der Analysis Situs, Nachrichten 
der Géttinger Gesellschaft der Wissenschaften, 1902, p. 185. 

tC. Jordan, Cours d’ Analyse, 2d ed., Paris, 1893, p. 92. 

§ If A and B are distinct points, then a simple continuous arc from A to B is defined by 
Lennes as a bounded, closed, connected set of points containing A and B, but containing no 
proper connected subset containing both A and B, Cf. N. J. Lennes Curves in non-metrical 
analysis situs with an application in the calculus of variations, American Journal of 
Mathematics, vol. 33 (1911), p. 308. A simple closed curve is a set of points composed 
of two arcs AXB and AYB having no point in common other than A and B. Hereafter in 
this paper “arc ”’ and “ closed curve” will be considered synonymous with “simple con- 
tinuous are”’ and ‘simple closed curve,” respectively. 

|| Cf. N. J. Lennes, loc. cit., § 5. 

q Cf. R. L. Moore, On the foundations of plane analysis situs, these Transactions, 
vol. 17 (1916), p. 59. 
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* The results 


ability, the condition that the set is “‘connected in kleinem.” 
obtained are embodied in the following theorem: 

THeorEM A. Suppose K is a closed plane point-set, S is the set of all points 
of the plane, while S — K = 8S, + where S; and are two mutually exclusive 
domainst such that every point of K is a common boundary point of S; and S2. 
Then a necessary and sufficient condition that K be either a simple closed curve or 
an open curvet is that K be connected in kleinem. 

That the condition stated in Theorem A is necessary is evident. I will 
proceed to show that it is sufficient. Suppose A is a connected in kleinem 
set satisfying the conditions stipulated in Theorem A. Then the following - 
lemmas hold true: 

Lemma A. Every are joining a point of S, to a point of S2 contains a point 
of kK 

Proof. Suppose it were possible to draw an are from a point P, of S; toa 
point P, of S. that contains no point of K. Then let us divide the are 
P, Pz into two sets, M, and M., where M, is the set of all points of P; P» 
that belong to S,;, while Mz is the set of all points of P; P2 which belong to 
S.. As P; P2 is a connected point-set either .M, contains a limit point of M2 
or contains a limit point of 

Case I. A point F of M, is a limit point of M.. As F is a point of the 
domain S,, there exists a region containing F and lying entirely in S,;. As S; 
and S» are mutually exclusive domains, this region contains no point of M2. 
Hence F cannot be a limit point of M2. 

Case II. A point G of Mz is a limit point of W,. This is impossible as in 
Case I. 

Hence we are led to a contradiction if we suppose our lemma false. 

Lemma B. The set K is connected. 

Proof. Suppose K were not connected. Then it could be divided into 
two mutually exclusive sets A, and Ke, neither of which contains a limit point 
of the other one. Let P; (i = 1, 2) denote a point of K;. Put about P; a 
circle R; having P; as center and such that R; and its interior lie entirely 

*Cf. Hans Hahn, Ueber die allgemeinste ebene Punktmenge die stetiges Bild einer Strecke ist, 
Jahresbericht der Deutschen Mathematiker Vereinigung, vol. 
23 (1914), pp. 318-22. According to Hahn, a set of points C is said to be connected in kleinem 
if, whenever P is a point of C, ea positive number and K a circle of radius 1/e with center at P, 
then there exists within K and with center at P,, another circle Ke, p such that if X is a point 
of C within K,., p then X and P lie together in some connected subset of C that lies entirely 
within K. 

+t A domain is a connected set of points M such that if P is a point of M, then there is a 
region that contains P and lies in M. 

t An open curve is defined by R. L. Moore as a closed, connected, set of points M such that 


if P is a point of M, then M — P is the sum of two mutually exclusive connected point-sets, 
neither of which contains a limit point of the other. 
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without Ri,:.* As K is connected in kleinem, there exists a circle R , lying 
within R; and with center at P; such that if XY; is a point of A within e.. 
then X; and P; lie on some connected subset of A lying within R;. It may 
easily be shown that XY; can be joined to P; by a simple continuous are of K 
lying entirely within R;.t As every point of K is a common boundary point 
of S, and Sz, then there exists within R; a point M;; (j = 1, 2) belonging to S;. 
As S; is a domain, then there exists a simple continuous are M,; K; M2; lying 
entirely in S;. Join M;; to P; by a simple continuous are M;; L;; P; lying 
entirely within R; and let G,; denote the first point of K on the are M,; L;; P; 
following M;;. Then we may join G;; to Giz by an are G;, F; Giz belonging to 
K and lying entirely within R;. The point-set Gj; Mi, (on My Lis P1) 
+ My Ky Mo; + Mo: Go: (on M2; Le; P2) contains as a subset a simple con- 
tinuous are G; H, Gz; lying except for its endpoints entirely in S,, while the 
set Gy My (on Myo Ly Py) + Miz Ke Moz + Moe Goo (on P2) con- 
tains as a subset a simple continuous are G12 H: G2 lying except for its end- 
points entirely in S:. We then have a closed curve Gy Fy Gio He Gee 
— Go, Hy Gy; such that the ares Gy, Giz and G2; F2 lie entirely on K 
and within R,; and R:, respectively, while Gy, H; Gat and He Gee belong 
to S; and S82, respectively. 

All points of Gy: F: Giz belong to K,. For suppose a point H of Gy Fi Gy 
belonged to K.. As H is joined to G,, which in turn can be joined to P 
by an are of K lying entirely within R,, it follows that H can be joined to P,; 
by an are HFP, of K lying entirely within R,. Let [H,] denote the set of all 
points of HIFP, belonging to K, while [H.] denotes the set of all points of 
HFP, belonging to K,. Clearly neither of these sets contains a limit point 
of the other. Hence the are HFP, is not a connected point-set. Hence the 
supposition that H belongs to K» has led to a contradiction. In like manner, 
all points of G2; Fz Gee belong to Ke. 

The interior of Gy He Goo Go; H, Gi, must contain at least one 
point of K. For suppose it does not contain a point of K. Then the interior 
of Gy; Fy Gig He Go Fe Gey Hy Gi, is a subset of S; + S2. Suppose it contains 
a point H of S,;. Then H can be joined to Hz by an are HX Hz lying except 
for entirely within Gy Fi Giz He Fe Hy Gr Let [W,] denote the 
set of all points of HX H, belonging to 8; while [W_2] denotes the set of all 
points of HX H, which are points of S.. Clearly neither of these sets contains 

* It is understood that subscripts are reduced modulo 2, 

+ Cf. R. L. Moore, A theorem concerning continuous curves, Bulletin of the Ameri- 
can Mathematical Society, vol. 23 (1917). While Professor Moore’s theorem 
states that every two points of a continuous curve can be joined by a simple continuous are 
lying entirely on the given continuous curve, it is clear that his methods suffice to prove the 
above stronger statement. 


t If AXB is an arc, then the symbol AXB will denote AXB — A — B, 
§ Cf. R. L. Moore, Foundations of plane analysis situs, loc. cit., Theorem 39, pp. 153-5. 
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a limit point of the other. Hence the are HX H, is not a connected point-set. 
In like manner the supposition that there is within G1; F; Gi. He Gx Fe - 
Ge, H, a point of leads to a contradiction. Hence Gy; Gi. He Gee F2 - 
G2, H, Gi, must enclose a point of XK. 

Let [| V2] denote the set of all points V2 such that either (1) V2 is a point 
of Go Fe Gez, or (2) V2 is a point such that there exists a closed connected 
set YF; belonging to K and lying within or on Gy; Fi Giz He Fe Gor Hi Gur 
and such that F: is a point of Gs; Fz Ge.. As K is connected in kleinem it 
may easily be proved that [ }’2] is a closed set. It is also true that all points 
of [V2] belong to K.. Hence no point of Gi; F; Gy either belongs to or is a 
limit point of [V2]. It may also be proved with the use of the in kleinem 
property that no point of [V2] is a limit point of a set of points of K lying 
within Gy, Fy Gy He Goo Go, Gy, and containing no point of V2. There 
exists an are H, YH such that (1) WH, YH is a subset of the interior of 
Gi; Fy He Goo Fo Hy Gy, and (2) Hy, contains no points of [V2].* 
Let [}',] denote the set of all points of AK within or on the closed curve, 
H, Goo Fe Go; Hy, not belonging to[ V2]. The set [V1] is closed. Put 
about each point of [1;] a circle lying entirely within Gy; F; Giz He Gee Fe - 
G2, H, Gy, and containing within it or on its boundary no point of [V2]. By 
the Heine-Borel Property, there exists a finite number of circles of the above 
set, C1, Co, --+, Cn, covering [V1]. With the use of Theorems 41, 42, 43, 
and 44 of Professor Moore’s Foundations we may easily obtain from the set 
Ci, Co, «++, C, and the closed curve G,; F; Gyo He YH, Gy, a new closed curve 
Gy, F; Gy. He ZH, Gy, where the are H, Gy, F; Gy. He of the new closed curve 
Fy He ZH, Gy, is the are Gy, Fy He of Gy, Fy He YH Gy and 
where ZH, is free from points of and lies within Gy; Giz He Gee - 
Go, H,Gy,. But then we have a point of S; joined to a point of S. by an are 
containing no point of K. Thus the supposition that A is not connected, 
leads to a contradiction. 

Lemma C. If K contains one simple closed curve J, then all points of K 
belong to J. 

Proof. Suppose Lemma C is not true. Then K contains a closed curve J 
and at least one point P not on J. Two cases may arise: 

Case I. P is within. As every point of K is a common boundary point 
of S; and S2, the interior of J contains a point P, of S; and a point P» of S2. 
The exterior of J cannot contain a point P,; of S;. For suppose it did. Then 
any are from P; to P; would contain a point of J and hence a point of K, 
contrary to the fact that S; is a domain. In like manner no point of S2 can 
be in the exterior of J. Hence the exterior of J must be a subset of K , while 


*Cf. my paper, A definition of sense on plane closed curves in non-metrical analysis situs, 
Annals of Mathematics, vol, XIX (1918), Theorem D, pp. 188-9. 
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S; and S. are subsets of the interior of J. But this is impossible because no 
point without J is a limit point of a set of points lying entirely within J thus 
making it impossible that every point of K be a common boundary point of 
S, and S.. Hence the supposition that P is within J has led to a contradiction. 

Case II. P is without J. Case II may be proved impossible by an argu- 
ment similar to that used in Case I. 

An immediate consequence of Lemma C is that if K is not a simple closed 
curve, then there is but one A-are from a point A of K to a distinct point 
Bof K. 

Lemma D. The set K does not contain three arcs OP,, OP2, and OP3;, no two 
of which have a common point other than O. 

Proof. Suppose Lemma D were false. Then there would exist three ares 
OP,, OP2, and OP;, no two of which have a point in common other than 0. 
Put about P; (¢ = 1, 2,3) acircle C; such that the point-set + OPix2 
is a subset of the exterior of C; and such that C; has no point in common with 
Cisi + Cie. As K is connected in kleinem, there exists within C; and with 
center at P;, another circle Cp, ¢, such that if XY; is a point of K within Cp,, ¢,, 
then there is an arc from X; to P; every point of which is a point of K and 
which lies entirely within C;.¢ As all points of K are limit points of both 
S, and S., must contain at least one point P;,; of As S; is a 
domain, there is an are P;; P2; from P3; to P»2; all points of which belong to S,. 
Join P;,; to P; by an are P;, ; P; lying entirely within C>p,, ¢, and let X; de- 
note the first point of the are P;,; P; after P;,1, which belongsto K. There 
exists an are X; P; from X; to P; belonging to K and lying entirely within C;. 
Let P; denote the first point of the are X; P; which ison OP;. The point-set 
Pi Xi, + Xi Pu + Pu Poa + Po X2 + X2P: contains as a subset an are 
P; such that (1) P; F; has no point in common with OP, + OP» 
+ OP3;, (2) all points of P; F; P: belong to either K or 8, (3) at least one 
point, F,, of S; is a point of P| F; P:. By methods similar to those just 
employed, we may construct an are Q; H, Q: from a point Q; of OP; to a 
point Q; of OP: such that (1) Q; is on OP; between P; and O, (2) all points 
of Q; Hz Q: belong to either S. or K, (3) except for Q; and Q:, Qi Hz Q: has 
no point in common with P; FP, + OP; + OP, + OP3, (4) at least one 
point HH, of Q| Hz Q2 belongs to Sz. Two cases may arise: 

Case I. is entirely within OP; F; P;O. Then the interior of 
OP, Fi = Qi H2Q: + the interior of H2Q:0+ the interior of 
P; The point-set OP; + P; is either entirely within or 
entirely without 0Q; Q: 0. 

(a) Suppose OP; + is entirely within 0Q; H2Q:0. Then 0Q; Q: 0 

* It is understood throughout this argument that subscripts are reduced modulo 3. 

t See an earlier footnote. 
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must enclose at least one point L of S;. But then an arc from L to F; must 
contain at least one point of OQ; H.Q:0. Hence, as OQ) H.Q: 0 is a subset 
of K + S:, no such are LF, can lie entirely in S;, contrary to the fact that S, 
is a domain. 

(b) Suppose OP; + P; is entirely without 0Q; H2Q:0. It follows that 
OP; + P3 is entirely without OP; F; PO. Then the exterior of OP; F; P: O 
contains at.least one point M of S.. Then any are from M to H, must con- 
tain at least one point of OP; F; P; O and hence at least one point not in S.. 
But this is contrary to the fact that S2 is a domain. 

Thus in Case I we are led to a contradiction. 

Case II. Q) He Q: is without OP; F; P20. We may show that Case II 
is impossible by methods similar to those used in Case I. 

Lemma EF. If O is a point of K and P is a point of S; (i = 1, 2) then there 
exists at least one arc OP such that OP + P is a subset of 8;. 

Proof. ‘Two conceivable cases may arise. 

Case I. There exist points A; and A», of K[ A; # O H Ae] such that O is 
a point of the are A; OA, belonging to K. By the same methods as were 
used in the preceding lemma we may construct an are A; F; A; such that 
(1) on A, the order A; A; OA} Az holds, (2) Aj isa subset of 8; + K, 
(3) at least one point F; of A; F; A: is a point of S;, (4) no point of A; FA; 
belongs to A; OA2. The point 0 is not a limit point of A — A; OAL. For 
suppose it were. Then it-would be a sequential limit point of a set of points 
P,, Pz, «++, every one of which belongs to K — A; OA. Put about O as 
center a circle M such that A; and A; are both without MW. As K is connected 
in kleinem there exists another circle M lying within M and having its center 
at O such that if X is a point of K within M, then X and O can be joined by 
an are of K lying entirely within M. Let P denote that point of the set 
P,, Pz, «++ of lowest subscript which lies within M, while PO denotes an are 
of K from P to O lying entirely within M. Let O’ denote the first point of 
PO which is on A; OA;. Then the set K contains three ares A; 0’, A; 0’, 
and PO’, no two of which have a point in common other than 0’. But this 
is contrary to Lemma D. Hence 0 cannot be a limit point of K — A; OA;. 
There exists a closed curve G enclosing 0 but enclosing no points of A; FA; 
+[K — A;OA;]. Then there exist two closed curves J; and J; such that 
(1) every point of J; or J: belongs either to G or to A; F; A; OA; (2) O is 
on J; and on J; (3) every point within J; is within A; F; A; OA; while every 
point within J; is without A; F; A; OA; (4) every point within either J; or J: 
is within G.* It is clear that either the interior of J; or the interior of J; 
is a subset of S; while the interior of the other of these two closed curves is a 
subset of S.. Let J; denote that one whose interior is a subset of S; while 


Cy. R. L. Moore, Foundations, Theorem 43, pp. 156-7. 


1920] CONCERNING APPROACHABILITY OF CURVES 457 


J_ denotes the one whose interior is a subset of S.. Let E denote a point 
within J,, while P; is any other point of S,. There exists an are EO such 
that EO — O is a subset of the interior of J;.* As S; is a domain, there is 
an arc EP, lying entirely in S;. The point-set LO + EP, contains as a 
subset an are from P, to O lying except for O entirely in S;. In like manner 
we may show that any point P2, of S. can be joined to O by an are lying except 
for O entirely in S.. 

Case II. There do not exist two distinct points A; and A» of A such 
that O is on an are of K from A; to A,. Let A denote a point of K different 
from O while ARO denotes an are of K from A toO0. By an argument similar 
to that employed in Case I we may show that if O were a limit point of K 
— ARO, then either there would exist three ares AR’, R’ O, and R’ P, no 
two of which have a point in common other than F’ or there would exist a 
point A’, (A # A’ ¥ O) such that O is an are of K from A’ to A. But the 
first of these possibilities contradicts Lemma DP while the second is contrary 
to the hypothesis of Case II. Hence O cannot be a limit point of K — ARO. 
Put about 0 a circle C that neither contains or encloses any point of K — ARO. 
Let P,, P2, --- denote a set of points of S; approaching O as their sequential 
limit point. It is possible to pass at least one simple continuous arct through 
ARO + Pi + P2+---. Let P; ORA denote one such are. If the interval 
OP, of the are P; ORA does not lie entirely with in C, let P’ denote the first 
point which it has in common with (. Otherwise let P’ denote P;. Let P 
denote that point of the set P:, Pe, --- of lowest subscript lying on OP’. 
It is clear that the sub-are OP of P; ORA lies, except for 0, entirely in S,. 
Let F; denote any other point of S;. Join F, to P by an are lying entirely 
in S,;. Then the point-set OP + PF, contains as a subset an are from 0 to F;, 
lying except for O entirely in S;. 

In like manner we may show that if F2 is a point of S., Fz can be joined 
to O by an arc lying except for O entirely in S2. 

Lemma F. A necessary and sufficient condition that K be bounded, is that 
either S; or So be bounded. 

Proof. The condition is necessary. Let us suppose that K is bounded 
while neither S; nor S. is bounded. As K is bounded, there is a circle C such 
that all points of K are within C. As S; and S, are unbounded, there is a 
point P,; of S; and a point P, of S. without C. Join P; and P», by an are 
lying entirely without C. By Lemma 4, this are must contain a point of K. 
But all points of K are within C. Hence we are led to a contradiction if we 
suppose our condition is not necessary. 


Moore, Foundations, Theorem 39, pp. 153-5. 

+ Cf. R. L. Moore and J. R. Kline, On the most general closed point-set through which it is 
possible to pass a simple continuous arc, Annals of Mathematics, vol. XX (1919), 
pp. 218-23. 
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The condition is sufficient. For suppose S; is bounded while K is unbounded. 
Since S; is bounded, there exists a circle C enclosing S,. Since K is un- 
bounded, it contains a point P without C. The point P cannot be a limit 
point of S,. But this is contrary to hypothesis. 

Proof of Theorem A. Two cases may arise: 

Case I. K is bounded. Then, by Schoenflies’ Theorem and the preceding 
lemmas, it follows that K is a simple closed curve. 

Case II. K is unbounded. It follows, by Lemma F that neither S; nor 
S. is bounded. Then K is an open curve. For a proof of this statement see 
my paper, “The converse of the theorem concerning the division of a plane 
by an open curve.’’* 
UNIVERSITY OF PENNSYLVANIA, 

PHILADELPHIA, Pa. 


*Cf. these Transactions, vol. 18 (1917), pp. 177-184. 
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